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PREFACE

A computer who must make many difficult calculations usually has a book
of tables of the elementary mathematical functions, or a slide rule, close at hand.
In many cases the slide rule is a very convenient substitute for a book of tables.
1t is, however, much more than that, because by means of a few simple adjust-
ments the actual calculations can be carried through and the result cbrained.
One has only to learn to read the scales, how to move the slide and indicator,
and how to ser them accurarely, in order to be able to perform long and other-
wise difficult calculations.

When people have difficulty in learning to use a slide rule, usually it is not
because the instrument is difficule to use. The reason is likely to be that they
do not understand the mathematics on which the instrument is based, or the
formuias they are trying to evaluate. Some slide rule manuals contain relatively
extensive explanations of the theory underlying the operations. Some explain
in detail how 1o solve many different types of problems — for example, various
cases which arise ifff solving triangles by trigonometry. In this manual such
theory has deliberately been kept to a minimum. It is assumed thar the theory
of exponents, of logarithms of trigonometry, and of the slide rule is known to
the reader, or will be recalled or studied by reference to formal textbooks on
these subjects. This is a brief manual on operational technique and is not in-
tended to be a textbook or workbook. Relatively few exercises ate included,
and the answers of these (to slide rule accuracy) are given immediately so that
learning may proceed rapidly, by self-correction if necessary. Any textbook on
mathematics which contains problems suitable for slide rule calculation, and
their answers, will provide additional practice.
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PART L. SLIDE RULE OPERATION
INTRODUCTION

_ ’The slide rule is a fairly sunple téof by teans of which answers'to involved
matheniatical problems can be easily obtained. To solve problems esily and -
with confidence it is necessary to have a clear undetstanding of the operation
of your stide rule, Speed and accuracy will soon reward the user who makcs
a careful study of the scale arrangéments and the manual..

The slide rule consists of thitee pares: (1) the stator tuppet 'and " lower

* bars); (2) the slide; (3) the cursor or indicator: The scales on the bars and -

slidé are atranged ‘to work :ogether in solving problems. The hairline on the -
indicaror is used to help the eyes in reading the scales and in adjusting the slide.

O O | STATOR

Fig. 1 ~ SUpE - . -  HAIRLINE—

O STATOR CURSOR OR | INDICATOR I
1)

Each scale is named by a letter (A B C D LS T or other symboi ‘at
the {eft end.

" The table below shows some of the mathemaricaf opcratmns whlch can be
done easily and quickly with an ordinary stide rule’ - ‘ ,

OPERATIONS INVERSE OPERATIONS ., .

Mulriplying two or more numbers| Dividing one number by another
. Squaring a number Finding the squate root of a number
Cubing a number 7 . ....| Finding the cube root of a number

Finding the logarithm of a number| Finding a number whose logarithm 1s
known

Finding the sine, cosine, or tangent Finding an angle whose sine, cosine, or
of an anglc tangent is known

Various cambmatmm of these operations (such as mu]upiymg wo numbers
and then finding the square root of the result) are also easily done. .Numbers
‘can be added or subtracted with an ordinaq,r slide rule, bur iz is usually easier
to do these operations by arithmetic.* :

In order to use.a sltde tule, 2 computer must know {1) how to read the
scales; (2) how to 'set” the slide and- indicator for each operation to be
done; and (3} how to-determine the decimal point in the result.

‘By puttmg special scales on a siide rule these znd certain orher opemions much more d:ﬂ‘lcuk
than thase shown in the able above can be done easily: )
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HOW TO READ THE SCALES

The scale labeled C (on the slide) and the scale D (on the stator bar) are
used most frequently. These two scales are exactly alike. The total length of
these scales has been separated into many smaller parts by fine lines called

" graduations.”

Some of these lines on the D scale have large numerals ‘(1, 2, 3, etc.)
printed just below them. These lines are called primary graduations. On the C
scale the numerals are printed above the corresponding Eraduatlons. A line
labeled 1 at the left end is calied the ff¢ index. A line labeled 1 at the right

end is called the right index.

R li\lI\IHIlHHU\\1|HIHHH|HI!\II!HIIII|IIIIL| Ik H!I|\Hl\|I£\Lrl‘lI|ImI|\|i!HIL\HIHIIW]H\HH%!IHHEI\&IlllllIIINIHHI\IILIHIHIIIL\HHIIIII

‘ RIGHT INDEX

LEFT INDEX ‘
PRIMARY GRADUATIONS

Fig. 2

Next notice that the distance between 1 and 2 on the D scale has been
separated into 10 parts by shorter graduation lines. These are the secondary
graduations. (On 10 inch slide rules these lines are labeled with smaller
numerals 1, 2, 3, etc. On 6 inch rules these lines are not labeled.) Each of the
spaces between the larger numerals 2 and 3, between 3 and 4, and between
the other primary graduations is also sub-divided into 10 pares. Numerals are
not printed beside these smaller secondary graduations because it would
crowd the numerals too much.

g lH\I\I\=I‘\\1‘IIIH\\IIHWIH\IHHHWIIIIHWIZIH\H\\\\ll\!=l%IWLIu‘ll|I|i\1|HI\IHytlﬂllllwi!itpH\I\|l\ylHllIHl{\ll\Illllly“IHIIIQHIIIIII!

LEFT INDEX 17

4 RIGHT INDEX

SECONDARY GRADUATIONS
Fig. 3.

When a number is to be located on the D scale, the firsz digit is located by
use of the primary graduations. The second digit is located by use of the
secondary graduations. Thus when the number 17 is located, the 1 ac the left
index represents the 1 in 17. The 7th secondary graduation represents the 7.
When 54 is to be located, look first for primary graduation 5, and then for
secondary graduation 4 in the space immediately to the right. _

There are further sub-divisions, or fertiary graduations, on all slide rules.
‘The meaning of these graduations is slightly different at differenc parts of the
scale. It is also different on a 6 inch slide rule than on a 10 inch rule. For this
reason 2 separaze explanation must be given for each.

{61

Tertiary graduations on 10 inch rules.

The space between each secondary graduation at the left end of the rule
(over to primary graduation 2) is separated into ten parts, bur these shortest
graduation marks are not aumbered. In the middle part of the rule, berween
the primary graduations 2 and 4, the smaller spaces between the secondary
graduations are separated into five parts. Finally, the stll smailer spaces be-
tween the secondary graduations at the right of 4 are separated into only
two parts.

To find 173 on the D scale, look for primary division 1 (the left index),
then for secondary division 7 {(numbered) then for smaller subdivision 3 (nor
numbered, buc found as the 3rd very short graduation to the right of the
longer graduation for 7). _

149 173

Fig. 4 | 246 247
| s
FEPEET IR TR TR b ]| LI TSSO L T T II%’\; R R I
5 A . TG T s o
LEFT INDEX

Similarly, 149 is found as the 9th small graduation mark 1o the right of
the ith secondary graduation mark to the right of primary graduation 1.

To find 246, look for primary graduation 2, then for the 4th secondary
graduation after it (the 4th long tine), then for the 3rd small graduation after
it. The smallest spaces in this part of the scale are fifths. Since § = %, then
the third graduaton, marking three fifths, is at the same point as gx tenths
would be.

Tertiary graduations on 6 inch rules.

The space between each secondary graduation at the left end of the rule
(over to primary graduation 2) is separated into five parts. In the middle of
the rule, berween the primary graduations 2 and 5, the smaller spaces between
the secondary graduations are separated into two parts. Finally, the sell
smaller spaces between the secondary graduations ar the right of $ are not
subdivided.

To find 170 on the D scale, look for the primary division 1 {(the left index),
then for the secondary division 7 which is the 7th secondary graduation.

§ I!\Il\IJrIJ\HI|ILH|I‘LI|HH\IHI smmmmﬁn\|m|mu\;mﬁ‘\ﬂ‘\m\mln\unn?u-mmln.muﬁl|‘mmu\\\\mh.lm‘JEMH.RHW
A "
LEFT INDEX  / \ HN RIGHT INDEX
146 147 170 373 375
Fig. §
[71
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To find 146, look for the primary graduanion 1, then for the 4th secondgry
graduation after it (the 4th secondaty line), then for the 3rd small graduatum
after it. The smatlest spaces in this part of the scale are fifths. Since 35 = 610,
5 ‘6 then the third graduation, marking three fifths, 15 at the same point as ix
tenths would be. Ca ; _ .

The number 147 would be half of 2 small space beyoad 146. With the atd
of the bairline on the runmer the position .of this numbe.r‘ggn be located
approximately by the eye. The small space is mentally Spllt' in half.

The aumber 385 1s found by locating primary graclqanon 3 anq then
secondary graduation 8 (the 8th fong graduacion after 3). Following this, one
observes that hetween secondaty graduations 8 and 9 there 1s one short _mark.
Think of this as the 'S tenths” mark, which represents 385. The location of
383 can be found approximately by mentally “splicting”” the space berween
380 and 385 into fifths, and estimating where the 3rd “fifths’ mark would be
placed. It would be just a little to the nght of halfway between 380 and 385.

On the scale below are some sample readings.

o] 9 B A F E

.

ST NITREIRIIT ‘ \ ’ - R R e
L||"‘-|||]H||‘| \I\El"\l"‘|é“I|||“|L”||-“”é‘I“”JS‘”I"”U'H”'“B‘”””\!”:H‘y' R AR T Y én |]JR

. e o J|
\I\l‘i\I\I\|1|’J!HH|HIIMI]H|IH\"I!IE RURINIRID UL m”'I’“W‘_‘“é‘\*”ll‘\‘|‘|'U\"'%'“|'|’“|"-_‘m'J‘g\'\”'“W'“”|'§|.‘|'1“"“\"|'W‘| o
Fig._é

A: 195 F: 206

B: 119 G: 165

C: 110 H: 462

D: 101 B GO4

E: 223 J. 987

he symbols 0, .1, 2.3, 4, 5,6, 7, 8 9, used tn writing nu;nbers are callc_d
ffig;f'f.r. One way to describe a number 1s to tell how many d;g:tsﬂar_e _used_ in
writing it. Thus 54 is a “two-digic number”, and 1,348,256 15 2 seven-digit
number.” In many compurations only the first two or three dzgits of a r_lumber
necd to be used ta get an approximate result which is accurate enough for
practical purposes. Usually not more than the first chree digits of a number
can be "set’” on a six inch slide rule scale. In many practical problems thls_ de-
gree of accuracy is sufficient. When greater acguracy is desired, a ten inch
slide rule is generally used. '
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MULTIPLICATION

Numbers that are to be multiplied are called factors. The result is called
the product. Thus, in the statement 6 X 7 = 42, the numbers 6 and 7 are
factors, and 42 1s the product. :

ExaMPLE: Muluply 2 X 3

Setting the Scales: Set the left index of the C scale on 2 of the D scale. Find
3 on the C scale, and below 1t read the product, 6 on the D scale.

Think: The length for 2 plus the length for 3 will be the length for the product,
This length, measured by the D scale, is 6.

LEFT INDEX
oN CL SCALE LENGTH OF FACTOR 3" ON "C** SCALE J
LEFT (INDEK X o r . ] n
gy 1 ; EI 5 ‘i“-'.--" ; 1. i 7 ‘3“““.'.”
o T s i ol e ot s e
LENGTH OF FACTGN “27 ON "D’ SCALE ,j g :

o
LENGTH OF 2" PLUS LENGTH OF 1" 15 LENGTH OF PROBUCT “/§" ON ‘P SEALE

EXAMPLE: nglzt:'pl}‘r 4X 2 Fig. 7 _ _
Setting she Seales: Set the left index of the C scale’'on 4 of the D seale Find
2 on the C'seale; and below it read the product, 8, on the D scale.
Think: The length for 4 plus the length for 2 will be-the length for the product,
This length, measured by the D scale, is 8. o

Rule for Multiplication: Over ane of the factors on the D scale, set
the index of the C s¢ale. Locate the other factor on the G scale;, and
directly-below it read the product on the 1) scale,

ExaMpLE. Multiply 2.34 X 36.8 . |

Estimate the yesuly: First note that the resule will be roughly the same as
2 X 40, or 80; that 1s, there will be two digits to the lefe of the decimal
point. Hence, we can ignore the decimal points for the present and mulciply
as though the prob[em was 234 % 368, i

Set the Scales: Set the left index of the C scale on 234 of the I scale. Find
368 on the C scale and read product 86! on the D scale. :

Think: The length for 234 plus the length for 368 will be the length for the
product. This length ts measured on the D scale. Since we already knew che
result was somewhere near 80, the product must be 86.1, approximately.

EXAMPLE: Multiply 28.3 X 5.46

Note first that the result will be abour cthe same as 50 ¢ 5, or 150, Note
also that if the left index of the C scale is ser over 283 on the D scale, and
546 1s then found on the C scale, the slide projects so far to the right of the
tule that the D scale is no longer below the $46. When this happens, the
other index of the C scale must be used. That s, set the right index on the C
scale over 283 on the D scale. Find 546 on the C scale and below it read
the product on the D scale. The product is 154.5.

These examples iltustrate how in simple problems the decimal poine can be
placed by use of an estimare.

{9]




PROBLEMS ANSWERS

1. 13 X 37 53.9

2. 280 x 0.34 95.2

3. 753 X 89.1 67,100

4. 9.54 X 16.7 159.3

3. 0.02156 X 3.79 0.0815
DIVISION

in machematics, division is the opposite or inverse operation of multiplica-
tion. In using a slide rule this means that the process for multiplication is
reversed. To help in understanding this statement, set the rule to multiply
2 X 4 (see page 9). Notice the result 8 is found on the D scale under 4
of the C scale. Now to divide 8 by 4 these steps are reversed. First find 8
on the D scale, set 4 on the C scale over it, and tead the result 2 on the D
scale under the index of the C scale.

. Think: From the length for 8 (on the D scale) swbiract the length for 4
(on the C scale). The length for the difference, read on the D scale, is the
result, or quotient,

With this same setting you can read the quotient of 6 + 3, or 9 + 4.5,
and in fact all divisions of one number by another in which the resulr is 2.

Rule for Division: Set the divisor (on the C scale) opposite the number
to be divided (on the D scale). Read the result, or quotient, on the D scale
under the index of the C scale.

EXAMPLES:

(2) Find 63.4 + 3.29. The quotient must be near 20, since 60 — 3 = 20.
Ser indicator on 63.4 of the D scale. Move the slide until 3.29 of the C scale is
under the hairline. Read the result 19.27 on the D scale at the C index.

(b) Find 26.4 + 47.7. Since 26.4 is near 25, and 47.7 is near 50, the quotient
must be roughly 25/50 = 14 = 0.5. Set 47.7 of C opposite 26.4 of D, using
the indicator to aid the eyes. Read (.553 on the I scale at the C index.

PROBLEMS ANSWERS
1. 837 11.86
2. 75+ 92 0.815
3. 137 + 513 0.267
4. 173 = 231 0.0749
5. 8570 + 0219 391,000

{10}

DECIMAL POINT LOCATION

In the discussion which follows, it will occasionally be necessary to refer
to the number of "digits” and number of “zeros” in some given numbers.

When numbers are greater than 1 the number of Jigifs to the left of the
decimal point will be counted. Thus 734.05 will be said to have 3 digits.
Although as written the number indicates accuracy to five digits, only three
of these are at the left of the decimal point.

Numbers that are less than 1 may be written as decimal fractions.® Thus
673, or six-hundred-seventy-three thousandths, is a decimal fraction. An-
other example is 000465, In this number three zeros are written to show
where the decimal potnt is located. One way to describe such a number is
to tell how many zeros are written to the right of the decimal point before
the first non-zero digit occurs.

In scientific work a zero is often written to the left of the decimal point,
a5 in 0.00541. This shows that the number in the units’ place is definitely 0,
and that no digits have been carelessly omitted in writing or printing. The
zeros will nos be counted unless they are (a) at the righs of the decimal point,
(b) before or ar the /ef of the first non-zero digit, and {(c} are not between
other digits. The number 0.000408 will be said to have 3 zeros (that is, the
number of zeros between the decimal point and the 4),

In many, perhaps a majority, of the problems met in genuine applications of
mathematics to practical affairs, the position of the decimal point in the result
can be determined by whar is sometimes called "common sense.”” There is
usually only one place for the decimal point in which the answer is “reason-
able” for the problem. Thus, if the calculated speed in miles per hour of a
powetful new airplane comes out to be 4833, the decimal point clearly be.
longs between the 3's, since 48 m.p.h. is too small, and 1833 m.p.h. is too
large for such a plane. In some cases, however, the data are such that the
position of the point in the final result is not easy to get by inspection.

Another commonly used method of locating the decimal point is by estima-
tion or approximation. For example, when the slide rule is used to find
133.4 X 12.4, the scale reading for the result is 16535, and the decimal point
is to be determined. By rounding off the factors to 133.0 X 10.0, one ob-
tains 1330 by mental arithmetic. The result would be somewhat greater than
this but certainly contains four digits on the left of the decimal point. The
answer, therefore, must be 1695,

In scientific work numbers are often expressed in tandard form. For exam-
ple, 428 can be written 4,28 X 10%, and 0.00395 can be written as 3.95 X 1072
When a number is wiitten in standard form it always has two factors, The
first factor has one digit (not a zero) on the left of the decimal point, and
usually other digits on the right of the decimal point. The other factor is a
power of 10 which places the decimal point in its true position if the indicated
multiplication is carried out. In many types of problems this method of
writing numbers simplifies the calculation and the location of the decimal
point,

*Only positive real numbers ate being considered in chis discussion.
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When a number is Writcei in standard form, thie exponent of 10 may be
called “‘the characteristic.” It is the characteristic of the logarithm of the
nuribér té baée 10, The characteristic may be either a positive or a negative
number. " Although the rule below appears long, in actual practice it may be
used with great ease. w
R#l,e. To ;ex reis_a mim_bm in standard form: . . . . .

" (a) place a decimal pdint at the right of the first non-zero digit*

(b) start at the right of the first nofi-zero digit in the or:'lglqal numbér

ind count the digits and zeros passed over in'réaching the ecimal point.
I'he result of the count is. the numerical value of the charagterisuc, or ex-
ponent of 10. If the original decimal point js toward the right, the char-
acteristic is positive (). If the original decimal oint is toward t.he left,
the characteristic is négative (—). Indicate that the nyuIt o.f_ (a) is to be
mildiplied by 10 with the exponent thus determined'in (b).’

EXAMPLES: ; _ .
SR " ‘Number in .
Number™ standard form. Chatatreristic
{a) 5,790,000 '$.79 X 108 6
© (b) 0.000283 Cra3 X} 1004 - o =4
- {c) 44. 4.4 X 100 N
Ad) 0.625. ¢ . G2 XMEH e T
o {fr461,328 . 461328 X100 .S
.. (8) 00000005371 5371 X 107 0 =T
(h} 0.0306 306X 107 =2
()soo7 . goorX1ot oL

A

" If 2 numbet given in standard form is to be written in “ordinary” form, the

digits should be copied! and then starting dt the right’of the first d1g1t the
rumbei of places indicated by the éxponent should be counted, supplying
seros as necessaty, and the point put down.” If the exponentis positive, the
count is toward the ri'g'ht;‘if'negétive, the counr is towidrd ‘the lefr.” This con-
verse application of the rule may be verified by studying the examples given
ihove, W W T T e ]
Consider now the calculation’ of 5,790,000 X-0.000283. ' From examples
(2) and (b} above, this can be’ written 5.79 X 107X 2.83 % 104, pr‘by
changing otder and combining the exponents of 10, as 5.79 X 2.83 % 102
Then since 5.79 is near 6, and 2.83 is near 3, the product of these two fgcto:s‘
is known to be near 18. The multiplication by use of the C and D scales
shows it to be about 16.39, or 1.639 X 10", Hence, 579 X 2.83 X 107
= 1630 X 10 X 107 = 1:639'X 10° = 1639 If, however, one hds -

feo T 3,790,000 = 0.000288, the use of standard form yields

PP ¢ § i ;

In scie.ntirﬁc work the result v@;.)ul{d be .15& in this forni,.i-aut for p'_o'pula,\: con-
sumption it would be written as 20,400,000,000. The general rule is as follows.

*In using this rule, “first” 45 to be'counted from the left; thus,'in 3246, the digit 3 is "hrst.”

[121]

Rule. To detérmine the decimil point, first express the numbers in
standard - fofm. Carry dut the indicated operations of multiplication or
division, using the laws of exgonems** 1o combine the exponents until a

single power of 10 is'indicated. If desired, writé our the resulting number,

using the final exponent of 10 to determine how far, and in whar direc.
tion, the decimal point'in the coefficient should be moved.

CONTINUED PRODUCTS

-Sometimes tne producr of three or more numbers must be found. These
“continued” products are easy to get-on the slide rule.

. ExampLe: Multiply 88.2 < 1.65 X 8.8.

Estimate the resulr as follows: 40 X 1 X 10 = 400. The result should be,
véty ‘foughly, 400. AT RS o :
. Seting the' Scales: Set left index of the C scale over 382 on the D scale. Find
1’15§_dh the C scale, and sef the hairline oh'the indicator on it.* Move the index
‘on’the slide under the hairline. In this example if the /eff index is placed under
‘the hairliae, then 89 on the C scale falls outside the D scale. Therefore move
the right index under the hairline.. Move the hairline 10 89 on the C scale and
read the result {561) under it on the D scale. R 2
Below is-a gemeral rule for continued products: .a X b X e X d X e---

Set hairline of indicator at 2 on D scale.
. .. Move index of C scale under bairline,
" . Move hairline over b on'the C scale.
Mdye Vir‘lrdfe_‘x of Cscale under hé.il:liné.
Move haitlipe over ¢ on the C scale!
: -Move index of C scale under haihine. .
Continue moving haitline and index alternitely wuntit all numbers have
beéh set. -t e . . -

R¢adresulc under the hailine on the D scale.*

PROBLEMS .. - ANSWERS
L 29X34X75 T 739
2 173 x43x92 6,840
B 343915 X 0.00532 18T
4. 19X 407 X 0.0021 . 16.24
5. 13.5 X 709 X 0.567 X 0.97 5260

COMBINED MULTIPLICATION AND DIVISION

Many problems call for both multiplication and division.

42 X 37
ExAMPLE: 5 -
]

*%See any téthook on elementary algebra. The theory of exponents and the rules of operation

with signed numbers are both involved in a complete rearment of this topic. In this manual it
is assumed that the reader is familiar with rhis theory.

" *THe piodutr of 383" % 165 could "igw’be resd uader the hairline on the B scale; bt this is
not necessary. #h R el : 2 R > ’ TR
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First, set the division of 42 by 65; that is, set 65 on the C scale opposite 42
on the D scale.** Move the hairline on indicator to 37 on the C scale. Read

2
the result 239 on the I scale under the hairline. Since the fraction 55 is about

2
equal 1o 3 the result 15 about two-thirds of 37, or 23.9.

: 273 x 3K

EXAMPLE: Ga2 W E

Set 4192 on the C scale opposite 273 on the D scale. Move the hairline 1o
A48 on the C scale. Move the slide to set 314 on the C scale under the hairline.
Read the result .628 on the D scale under the C index.

d s aXcXeXg-
In general, to do compurations of the type 7 XAXFX b
to divide che first factor in the numerator # by the first factor in the de-
nominator b, move the hailine to the next facror in the numerator ¢; MOve
the slide to set next factor in denominator, 4, under the hairline. Continue
moving hairline and shde alternately for other factors {e, f, g b, etc). Read
the result on the D scale. If there 1s one more factor in the numerator than
in the denominator, the result is under the hairline. If the number of factors
in numerator and denominator is the same, the result 1s under the C index.
Sometimes the slide must be moved so that one index replaces the other.*

2_.2_)( 2.4
EXAMPLE: N

If the rule is set to divide 2.2 by 8.4, the hairline cannot be set over 2.4 of
the C scate and ar the same time remain on the rule. Therefore the haitline is
moved to the C index .(opposite 262 on the D scale) and the slide is moved
end for end to the right (so that the left index falls under the hairline and
over 262 on the D scale). Then the hairline is moved to 2.4 on the C scale
and the result .63 is read on the I} scale,

If the number of factors in the numerator exceeds the number in the de-
nominator by more than one, the numbers may be grouped, as shown below.
After the value of the group is worked out, it may be multiplied by the other

factors o the usual manner.

set the rule

(Ssn) X 4%
PROBLEMS ANSWERS
1 2'1_%4_3 61.1
2. 5'174*3153%_;(79'33 2.07
4. 1590 fgg.f)')(‘lg)goﬂ.?% 1.081

**The quotient, .£id6, need not be read.

*This starement assumes that up to this point only the C and D scales are being used, Later
sections will describe how this operation may be avoided by the use of other scales.
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5. 0.0237 % 3970 X 32 x 6.28

0.00029 X 186000 35l
6. 231 X 58.6 X 4930
1825 X 3770 97.0
7 875 X 1414 X 2.01
661 % 35.9 TR
g 558 X 1145 X 633 X 809
A7 X 757 X 354 2030
9. 0.691 X 347 X 0.0561 0.0000147
91,500 or 1.47 X 10—
10. 19.45 X 7.86 X 361 X 64.4
326 X 0.74 11,190
PROPORTION

. dProble:ms i proportion are very easy to solve. First notice that when the
index pf the C scale is opposite 2 on the D scale, the ratio 1 : 2 or % is at the
.;zme time set for all other opposite graduations; that is, 2 :4, or 3:6, or
f.5 3 }5!, or _3.2 1 6.4, etc. It is true in general thar for any setting the numbers
or all pairs of opposite graduations have the same ratio. Suppose one of the
terms of a proportion is unknown. The proportion can be written as z =<,

X
where a, b, and ¢, are known numbers and x is to be found.

Rule: Set a on the C scale opposite 4 on the D
cale.
scale read x on the D scale. scale. Under ¢ on the C

®lwn

ExampLE: Find x ifg =

Set 3 on C opposite 4 on D. Under 5 on C read 6.67 on D,

The proportion above could also be written - = =
a

, of inverted,” and

§xactly the same rgle could be used. Moreover, if C and I are interchanged
in the above rule, it will still hold if “under’” is replaced by "over.” It then
reads as follows: .

Set @ on the D scale opposite & on the C scale. Over ¢ on the I scale
read x on the C scale,

. Ruble: In solving proportions, keep in mind thart the position of the
umbers as set on the scales is the same as it is in the proportion written

. a
in the form ¢ = ¢

b d
[15]




O b . USE OF CERTAIN SPECIAL SCALES
Proportions can also be solved algebraically. Then g = becomes x = — PART 2

and this may be computed as combined multiplication and division. THE C1 AND DI SCALES

Tt should be understood that the use of the CI and DI scales does not in'creasg

the power of the instrument to solve problems. In the hands of an experience
REDIBLENS S ANSRRERS computet, however, these scales are used to reduce the number of sectings or to
avoid the awkwardness of certain settings. In this way the speed can be increased

1. x _ 132 - 300. and errors minimized.
425 1.87 ; The CI scale on the slide 15 a C scale which increases from right to left. It
905 342 ; 407 may be used for finding reciprocals. When any number is set under the hair-
2 gy : -

line on the C scale its reciprocal is found under the hairline on the CI scale,

and conversely,
3. 436 _ x ¢ e g 1247. EXAMPLES!
802 2550 (a) Find 1/2.4. Set 2.4 on C. Read .417 directly above on CI.
0.063 34.1 (b} Find 1, 60.5. Set 60.5 on C. Read .0165 directly above on CI. Or, set
+ 051 x 478, 60.5 on Cl, read .0165 directly below on C.
5 18 13 85.7 The CI scale is useful in replacing a division by a multiplication. Since
2

§= a X 1/b, any division may be done by multiplying the numerator (or

dividend) by the reciprocal of the denominator (or divisor). This process
may often be used to avoid settings in which the slide projects far outside the
rule.

EXAMPLES:

{a) Find 13.6 + 87.5. Consider this 25 13.6 X 1/87.5. Set left index of the
C scale on 13.6 of the D scale, Move hairline to 87.5 on the Cl scale. Read
the result, .155, on the D scale,

(b} Find 72.4 + 1.15. Consider this as 72.4 X 1/1.15. Set tight index of
the C scale on 72.4 of the D scale, Move hairline to 1.15 on the Cl scale.
Read 63.0 under the hairline on the D scale.

| An importaat use of the CI scale occurs in problems of the following type.

ExampLE: Find 13.6 This is the same as 13.6 X (1/2.79).
4.13 x 2.79 413

Set 4.13 on the C scale opposite 13.6 on the D scale. Move hairline to 2.79
on the Ci scale, and read the resulr, 1.180, on the D scale.

By use of the CI scale, factors may be transferred from the numerator to the
denominator of a fraction {or vice-versa) in order to make the settings more
readily. Also, it is sometimes easier to get @ X & by setting the hairline on 4,
pulling & on the CI scale under the haitline, and reading the result on the D
scale under the index.

The DI scale (inverted D scale) below the ID scale corresponds to the CI
scale on the slide. Thus the D and DI scales together represent reciprocals.
The DI scale has several important uses, of which the following is representa-
tive,
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Expressions of the type 1/X, where X ts some complicated expression
or formula, may be computed by first finding the value of X. If the result
for X falls on D, then 1/X may be read under the hairline on DL

ExAMPLE:

. 1
() Find o65% 138
Read the reciprocal .0273 under the hairline on the DI scale. Or set the hairline
on 263 of the DI scale, pull 138 of the C scale under the hairline, and read the

result on the D scale under the left index of the C scale. This is equivalent to

Multiply 0.265 X 138 using the C and D scales,

writing the expression as (1/1'535).
PROBLEMS ANSWERS
1. % 143
2 551_2 0284
3. j%gg 5.57
4. 6T136 0001555
5. 1 318
= |
6. oo%w 240 |

[18}

THE CF/z AND DF/x SCALES

It should be understood that the use of the CF and DF scales does not
increase the power of the instrument to solve problems. In the hands of an
experienced computer, however, these scales are used to reduce the number of
cerrain settings. In this way the speed can be increased and errors minimized.
When = on the C scale is opposite the right index of the D scale, about half
the slide projects beyond the rule. If this part were cut off and used o fll
in the opening at the left end, the result would be a "“folded” C scale, or CF
scale. Such a scale is printed at the top of the slide. It begins 2t 1 and the
index is near the middle of the rule. The DF scale is similarly placed. Any
setting of C on D is automatically set on CF and DF. Thus if 3 on C is
opposite 2 on D, then 3 on CF is also opposite 2 on DF. The CF and DF
scales can be used for multiplication and division in exactly the same way as
the C and D scales.

The most important use of the CF and DF scales is to avotd resetting the
slide. If a setting of the indicator cannot be made on the C or D saale, it can
be made ou the CF or DF saale.

EXAMPLES:

(a) Find 19.2 X 6.38. Set left index of C on 19.2 of D. Note that 6.38 on

C falls outside the D scale. Hence, move the indicator to 6.38 on the CF

scale, and read the result 122.5 on the DF scale. Or set the index of CF on

19.2 of DF. Move indicator to 6.38 on CF and read 122.5 on DF.

8.39 X 9.65
(b) Find —5%—
cannot be moved to 9.65 of C, but it can be moved to this setting on CF and
the result, 14.15, read on DE. Or the enrtire calculation may be done on the
CF and DF scales.

Set 5.72 on C opposite 839 on D. The indicator

These scales are also helpful in calculations involving wand 1/x. When the
indicator is set on any number N on D, the reading on DF is Nx. This can

be symbolized as (DF) = #(D). Then (D} = (—1?-@ This leads to the fol-
m

lowing simple rule.

Rule: If the diameter of a circle is set on D, the circumference may be
read immediately on DF, and conversely.

EXAMPLES:
(a) Find 5.6, Set indicaror over 5.6 on D. Read 17.6 under haitline on DF.

{(b) Find 8/m. Set indicator over 8 on DF. Read 2.55 under hairline on D.

(¢} Find the circumference of a circle whose diameter is 7.2, Sec indicator on
7.2 of D. Read 22.6 on DF.

(d) Find the diameter of a circle whose circumference is 121. Set indicator
on 121 of DF. Read 385 0on D.
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Finally, these scales are useful in changing radians to degrees gnd con-

versely. Since x radians = 180 degrees, the relationship may be written as a
. r_ = r_ 4
proportion - = Jor, or - = oy

Rule: Set 180 of C opposite m on D. To convert radians o degrees, move
indicator to r (the number of radians) on DF, read & (the number of de-
grees) on CF; to convert degrees 1o radians, move indicator to & on CF,
read r on DF.

There are also other convenient setungs as suggested by the proportion.
Thus one can set the ratio =/180 on the CF and DF scales and find the result
from the C and D sciles.

EXAMPLES: :
{a) The numbers 1, 2, and 7.64 are the measures of three angles in radians.

Convert to degrees. Set 180 of Con 7 of D. Move indicator to 1 on DF, read
57.3° on CF. Move indicator over 2 of DF, read 114.6°. Move indicaror to

7.64 of DF. Read 437° on CF.

(b) Convert 36° and 83.2° to radians. Use the same setting as in (a) above.
Locate 36 on CF. Read 0.628 radians on DF. Locate 83.2 on CF. Read 1.45

radians on DF,

PROBLEMS ANSWERS
I. 1.414 X 7.79 i1.02
2. 214 X 576 123.3
3. 845X 7.59 17.43
36.8
4. 260X~ 8.33
5 1955 X 23.7 291
507X«

THE CIF SCALE

Like the other special scales the CIF scale does not increase the power of
the instrument to solve problems. It is used to reduce the number of settmgs
or to avoid the awkwardness of certain settings. In this way the speed can be
increased and errors minimized.

The CIE scale is a folded CI scale. Tts relationship to the CF and DF scales
is the same as the relation of the CI scale ro the C and D scales.

EXAMPLES:
(a) Find 68.2 X 1.43. Set the indicatot on 68.2 of the D scale. Observe

that if the left index is moved to the hairline the slide will project far to the
right. Hence merely move 14.3 on CI under the hairline and read the resule
97.5 on D at the C index.

(b) Find 2.07 % 8.4 X 16.1. Set indicator on 207 on C. Move slide until
8.4 on CI is under haitline. Move haitline to 16.1 on C. Read 280 on DD under
hairline. Or, set the index of CF on 8.4 of DF. Move indicator to 16.1 on CF,
then move slide until 2.07 on CIF is uader hairline. Read 280 on DF above the
index of CF. Ot set 16.1 on CI opposite 8.4 on D. Move indicator to 2.07 on c,
and read 280 on D. Although several other methods are possible, the firse

method given is preferable.
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THE CF/M AND DF/M SCALES

It should be understood that the use of the CF and DF scales does not
increase the power of the instrument to solve problems. In the hands of an
experienced computer, however, these scales are used to reduce the number of
certain setrings. In this way the speed can be increased and errors minimized.
When ,, on the C scale is opposite the right index of the D scale, about half
the slide projects beyond the rule. If chis part were cur off and used to fill
in the opening at the left end, the resulc would be a “folded” C scale, or CF
scale. Such a scale is printed ac the top of the slide. It begins at , and the
index s near the middle of the rule. The DF scale is similarly placed. Any
secting of C on D is automatically set on CF and DF. Thus if 2 on C is
opposite 3 on D, then 2 on CF is also opposite 3 on DF. The CF and DF
scales can be used for multiplication and division in exactly che same way as
the C and D scales.

An important use of the CF and DF scales fs to avoid resetring the slide.
If the setting of the indicator cannot be made on the C or D scale, it can
be made on the CF or DF scale.

EXAMPLES:

{a) Find 19.2 X 6.38. Set left index of C on 19.2 of D. Note that 6.38
on C falls ourside the D scale. Hence, move the indicator to 6.38 on the CF
scale, and read the result 122.5 on the DF scale, Or ser the index of CF on
19.2 of DFE. Move indicator to 6.38 on CF and read 122.5 on DF.

., 839 X 9.65
(b) Find ==
cannot be moved to 9.65 of €, but it can be moved to this setting on CF and

the result, 14.15, read on DF. Or the entire calculation may be done on the
CF and DF scales.

The CE/M and DF/M scales are folded at 1/M =230, where the modulus
M=log ¢ This is indicated by the symbol /M. This leads to the following rule:

Set 5.72 on C opposite 8.39 on ID. The indicator

Rule: If a number N is set on a log log scale the logarithm to the base
10 can be read on the D scale and the logarithm to the base . on the
DF/M scale and conversely. The use of these scales in determining
logarithms and anti-logarithms is covered on page .51 .

THE V' SCALES: Square Roots and Squares

When a number is mulziplied by itself the result is called the sgnare of the
number, Thus 25 or 535 is the square of 5. The factor $ is called the square
roor of 25. Similarly, since 12.25—3.5X 3.5, the number 12.25 15 called the
square of 3.5; also 3.5 is called the square roor of 12.25. Squares and square
roots are easily found on a slide rule.

Square Root. Just below the D scale is another scale marked with the square
root symbol, V.

Rule. The square root of any number located on the D scale is found
directly below it on the V scale.

ExampLES: Find V4. Place the hairline of the indicator over 4 on the
D scale. The square root, 2, is read directly below. Similarly, the square root
of 9 (or V9) is 3, found on the V scale directly below the 9 on the D scale.
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Reading the Scales. The square root scale dircctly below the D scale is an
enlargement of the I scale itself. The D scale has been stretched” to double
its former length, Because of this the square root scale seems to be cut off
or to end with the square root of 10, which is about 3.16. To find the square
root of numbers greacer than 10 the bottom v scale is used. This is really
the rest of the stretched 1D scale. The small figure 2 near che left end is placed
beside the mark for 3.2, and the number 4 is found nearly two inches farcher
to the right. In fact, if 16 is located on the ID scale, the square root of 16, or
4, is directly below it on the bostom ieale of the rule.

In general, the square root of a number berween 1 and 10 is found on the
upper square root scale, The square root of a number berween 10 and 100
is found on the lower square root scale. If the number has an odd number
of digits or zeros (1, 3,5, 7,... ). the upper v scale is used. If the number
has an even number of digits or zeros (2, 4. 6. %, ...), the lower V scale is
wsed. The first three (or in some cases even four) figures of a number may be
set on the D scale, and the first three  (or four) figures of the square root are
read directly from the proper square root scale.

The table below shows the number of digits or zeros in the aumber N and
its square root.

[ ZEROS or DIGITS |
v tlu tlv tluliiu tiu Llu LU L
N | 7or6|Sord|20c2{1 ) 0]lor2i3ord SorG|7or8 | etc
VN 3 o2 1 lotol 1 2 | s 14 e

The above table is reproduced on some models of Pickete Slide Rules.

This shows that numbers from 1 up to 100 have one digit in the square
roor; numbers from 100 up to 10,000 have two digits in the square root, et
Numbers which are less than 1 and have, for example, either two or three

zeros, have only one zero in the square oot Thus V0.004=0.0632, and
V0.0004--0.02. ‘

EXAMPLES:

(a) Find V248, Set the hairline on 248 of the D scale, This number has 3
¢ an odd number ) digits. Therefore the figures in the square oot are read from
the upper V scale as 1575. The resulth as 2 digits, and is 15.75 approximately.

(b} Find ¥ 563000. Ser the hairline on 563 of the I scale. The number has
6 (an eren number ) digits. Read the figures of the square root on the bottom
scale as 75, The square root has 3 digits and is 750 approximately.

{c) Find V' 00007362, Set the hairline on 1362 of the 1D scale, The number
of zeros is 4 (an eren number ). Read the figures 369 on the bortom scale. The
result has 2 zeros, and is 00369

Squaring is the opposite of finding the square root. Locate the number
on the proper V' scale and with the aid of the hairline read the square
on the D scale.
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EXAMPLES:

{a) Find (1.73)20r 1.73< 1.73. Locate 1.75 on the V' scale. On the D scale
find the approximate square 3.

(b} Find (62800)2 Locate 628 on the v/ scale. Find 394 above it on the 1D
scale. The number has 5 digits. Hence the square has either 9 or 10 digits.

Since, however, 628 was located on the lower of the V scales, the square has
the erer number of digics, or 10. The result is 3,940,000,000,

(c) Find (.000254 ;2 On the D scale read 645 above the 254 of the V' scale.
‘The number has 3 zeros. Since 254 was located on the upper of the ¥ scales,
the square has the odd number of digits, or 7. The resulc is 0.0000000645.

PROBLEMS ANSWERS

1.v7.3 27
2.\'73 8.54
3. V811 209
4. 40.062 0.249
5. v/ 0.00000094 0.00007
6. (3.05)7 15.6
7. (48.2)2 232()
8. (0.087)? 0.00757

9. (0.00281)° 0.00000807
10, (635000)" 1.03 x 10"
THE ¥ SCALES: Cube Roots and Cubes

At the top of the rule chere is a cube root scale marked Y. It is 2 D scale
which has been strerched to three times its former length, and then cut into
three pares which are printed one below the other.

Rule. The cube root of any number on the D scale is found directly
above it on the ¥ scales.

Example: Find the 8. Place the hairline of the indicator over the 8 on
the D scale. The cube root, 2, is read above on the upper ¥/ scale.

Reading the scales: 'lo find the cube root of any number berween 0 and 10
the upper ¥ scale is used. ‘Lo find the cube root of 4 number berween 10 and
100 the middle ¥ scale is used. To find 'the cube root of a number berween
100 and 1000 the lower ¥ scale is used to locate the number,

In general to decide which parc of the V¥ scale to use in locating a swnber,
mark off the digits in groups of threc starting from the decimal point. If
the left group concains onc digit, the upper ¥ scale is used; if there are two
digirs in che left group, the middie ¥ scale is used: if there are three digirs,
the lower ¥ scale is used. In other words, numbers containing 1, 4, 7, ...
digits are located on the upper ¥ scale: numbers containing 2,5 8 ...
digies are Jocated on the middle v scale; and numbers containing 3, 6, 9.
.‘digfrs are locared on the lower ¥ scale, The corresponding number of
digits or zeros in the cube roots are shown in the table below and whether
the upper, middle or lower section of the ¥ scale should be used.
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ZEROS or DIGITS

UMLUMLIUMLIUM| LUMLIUMLIUML|U M L
N|11.10,918, 7,65, 4, 3} 2.1 0f1, 2. 304, 5. 6|7, 8 9110, 11,12
WN 3 2 1 0to|l 1 2 3 4

The above rable is reproduced on some madels of Pickert Slide Rulces,

EXAMPLES:

(a) Find /6.4 Set hairline over 64 on the 1D scale. Read 1.857 on the
upper ¥V scale.

(b) Find 37 64. Set hairline over 64 on the D scale. Read 4 on the middle
VY scale.

{cy Find ¥/ 640. Ser hairline over 64 on the D scale. Read 8.62 on the
lower V¥ scale.

(d) Find ¥ 6,400. Set hairline over 64 on the D scale, Read 18.57 on the
upper Y scale,

te) Find \:!’647]'[')0. Set hairiine over 64 on the I scale. Read 40 on the
middle ¥ scale.

¢f) Find \v0.0064. Set hairline over 64 on the D scale. Read 0.1857 on
the upper V¥ scale.

(g) Find ¥/0.064. Set hairline over 64 on the D scale. Read 0.4 on the
middle ¥ scale.

If the number is expressed in standard form it can either be written in
ordinary form or the cube roor can be found by the following rule.

Rule: Make the exponent of 10 a mulciple of three, and locate the
number on the D scale. Read the result on the ¥/ scale and multiply this
result by 10 to an exponent avhich is 1/3 the former exponent of 10.

ExaMpLEs: Find the cube root of 69 x 10% Place the hairline over 6.9
on the D scale and read?.904on the upper ¥ scale. Thus the desired cube root
is 1.904 X 10'. Find the cube root of 4.85 X 107, Express the number as
48.5 % 10" and place the haitline of the indicator over 485 on the D scale.
Read 3.65 on the middle v scale. Thus the desired cube root is 3.65 > 10
or 365. Find the cube root of 1.33 > 10-'. Express the number as 133 x 10-
and place the hairline over 133 on the D scale. Read 5.10 on the lower v/
scale. The required cube root is 5.10 X 10-%

Cubes: To find the cube of a number, reverse the process for inding the cube
ror. Locate the number on the ¥ scale and read the cube of thar number

on the D scale.

EXAMPLES:
(a) Find (1.37)%. Set the indicator on 1.37 of the ¥/ scale. Read 2.57 on
the D scale.
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(b Find (13.7)". The secting is the same as in example (a), but the D scal
reading is 2570, or 1000 times the former reading, P hEEe Iy seale

(¢) Find (2..9)"‘. and (29)*. When the indicator is on 2.9 of the ¥/ scale,
the D scale reading is 24.4, The result for 297 is therefore 24,400

_(d) Find (63)". When the indicator is on 6.3 of the V¥ scale, the D scale
reading is 250. ,

PROBLEMS: ANSWERS:

1. 2.45° 14.7
2. 56.1° 176,600
3. .738 402
4, 164.5° 4,451,000
5. .0933° .000812
6. V53 1,744
7. W71 4,14
8, v/ 815 9.34
9. ¥ 0315 316
10. ¥/525,000 80.7
11. ¥7.156 .538

\
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The L Scale: LOGARITHMS

The L scale represents logarithms to the base 10, or common logarichms.
The logarithm of a number is the exponent to which a given base must be
raised to produce the number. For example, Log 10° = 2000; Log 10" = 3000,
ere. A logarithm consists of two parts. The characterinic is the part on the lefc
of the decimal point. The mantiisa is the decimal fraction part on the righe
of the decimal point. The L scale is used for finding the mantissa of the log-
arithm (to the base 10} of any number. The mantissa of de Jogarithm is the
same for any series of digits regardless of the location of the decimal point,

The positicn of the decimal point in the given number determines the
characteristic of the logarithm, and conversely. The following rules apply in
determining the characteristic.

L. For 1, and all numbers greater than 1, the characteristic is one less than

the number of places to the left of the decimal poincin the given number.
. For numbers smaller than 1, thac is for decimal fractions, the character-
istic is negative. Its numerical value is one more than the number of zeros
berween the decimal point and the frse significant figure in the given
number.
The application of these rules is illustrated by the following chart:

1)

Dvigits to Left of Decimal Point Zeros to Right of Decimal Point®

Digits in Number 1234567 8 Zeros in Number 012345678
Characreristic 01234567 Characrerisric -1-2-3-4-5-6-7-8-9

The Method described on pagel2is also easy to use. o
*Note: Count only zeros between decimal point and first significant

figure.

Rule. Locate the number on the C scale and read the mantissa of %ts
logarithm (to the base 10) on the L scale. Determine the characteristic.

ExaMPLE: Find the logarithm of 425.
Set the hairline over 425 on the C scale. Read the mantissa of the loga-
rithm (.628) on the L scale. Since the number 425 has 3 digits, the charac-

teristic is 2 and the logarithm is 2.628.
If the logarithm of a number is known, the number may be found by
reversing the above process. The characteristic is ignored until the decimal

point is to be placed in the number.

ExampiLE: Find X, if log x = 3.248.

Set the hairline over 248 on the 1 scale. Below it read the aumber 177
on the C scale. Since the characteristic is 3, there are 4 digits in the number,

X =1770.
ExAMPLE: Find the Logarithm of .000627.

Opposite 627 on the C scale find .797 on the L scale. Since the number has
3 yeros, the characteristic is —4 and the logarichm is —4 -}- 797 and is usually

written 0.797—10.
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~ Note that the mantissa of a logarithm is always positive but the charactet-
istic may be either positive or negative. In computations, negative character-
istics are troublesome and frequently are a source of error. It is customary
to handle the difficulty by not actually combining the negative characteristic
and positive mantissa. For example, if the charactetistic is —4 and the man-
tissa is .797, the logarithm may be written 0.797— 4. This same number
may also be written 6.797— 10, or 5.797—9. and in other ways as convenient.
In each of these forms if the integral parts are combined, the result is —4.
Thus 0—4 = —4;6. —10 = —4; 5. —9 = —4. The form which shows that
the number 10 is to be subtracted is the most common.

EXAMPLES:

Log 1 = 10.000— 10

Log 4 = 9.602-10

Log .0004 = 6.602—10

PROBLEMS: ANSWERS:
Log 3.26 513
Log 735 2 866
Log .0194 8.288 — 10
Log 54800 4.739
Log X = 2.052 X = 1127
Log X = 9.831—10 X = 678
Log X = 357 X =228
Log X = 1.598 X =396
Log X = 7.154—10 X = 001426

The §, T, and ST Scales: TRIGONOMETRY

‘The branch of mathematics called #rigonomesry arose historically in connection
with the measurement of triangles. However, it now has many other uses in
various scientific fields.

Some important formulas from trigonometry are listed here for ready
reference.

; I'lI'he trigonometric ratios may be defined in terms of 2 right triangle as
ollows:

Sine of angle A = ?EPM (written Sin A = 23
ypotenuse h
Cosine of angle A = %lig sijacent (written Cos A = l)“)
ypotenuse h”
ide oppaosite

T. — Side oppaosite : L
angent of angle A i adiacen (wricten Tan A = b );
Cotangent of angle A = §_1ji<2d_j§_c£r£ {written Cot A = —E-)'
side opposite a’’

hypotenuse : h
Se: = T =
cant of angle A btk {written Sec A 6 Y;
Cosecant of angle A = @E’E‘-‘ﬂ— (written Cosec A = ~h—).

side opposite a
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These ratios are functions of the angle. The definitions may be extended to
cover cases in which the angle A is not an interior angle of a right triangle, and
hence may be greater than 90 degrees. Note that the sine and cosecant are re-
ciprocals, as are the cosine and secant, and the tangent and cotangent.
Therefore,

1

Sin A = Cosec A and Cosec A = m-*‘,
L B
Tan A = "m, and Cot A = Tan A’
1 1
Cos A = TS A and Sec A = Cos A
When the sum of two angles equals 90°, the angles are complementary.
Sin A = cos (90°—A)
Cos A = sin (90°—A)
Tan A = cot (90°—A)
Cot A = tan (90°—A)

When the sum of two angles equals 180°, the angles are supplementary.
sin (180°—~A) = S A
cos (180°—A) = —Cos A
tan (180°—A) = —Tan A

The following laws are applicable to any triangle.
A+ B4 C=180°
SnA SinB _ SinC

Law of cosines: a2 = b?+ ¢* — 2bc cos A

THE S SCALE: Sines and Cosines

The scale marked S is used in finding the approximace sine or cosine of
any angle between 3.7 degrees and 90 _degrees, Since sin x = cos g90—x),
the same graduations serve for both sines and cosines. Thus sin 6 = cos
(90°—6°) = cos 84°. The numbers printed ar the right of the longer gradu-
ations are read when sines are o be found. Those printed at the left are
used when cosines are to be found. On the slide rul_e, anglels are divided
decimally instead of into minutes and seconds. Thus sin 12.77 1 represented

by the 7th small graduation to the right of the graduation marked 78[12.

Sines {or cosines) of all angles on the 3 scale have no digits or zeros—
the decimal point is at the left of figures read from the C (or D) scale.

Rule: To find the sine of an angle on the § scale, set the hairline on
the graduation which represents the angle. (Remember to read sines
from left to right and the numbers to the right of the I%r':.ldl:latxon
represent sines). Read the sine on the C scale under the hairline. If
the slide is placed so the C and D scales are exactly together, t_he sine
can also be read on the D scale, and the mantissa of the logarithm of
the sine {log sin) may be read on the L scale.
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EXAMPLE:

(1) Find sin 15° 30" and log sin 13°30". Set left index of C scale over left
index of D scale. Set haitline on 15.5° (i.e., 15°30" on $ scale. Read sin
15.5° = 267 on C or D scale. Read manrissa of log sin 15.5° = 427 on L
scale. According to the rule for characteristics of logarithms, this would
be 9.427—10.

Rule: To find the cosine of an angle on the S scale, set the hairline
on the graduation which represents the angle. (Remember to read
cosines from right to left and the numbers to the left of the graduation
represent cosines). Read the cosine on the C scale under the hairline.
If the slide is placed so the C and D scales are exactly together, the
cosine can also be read on the D scale, and the mantissa of the cosine
(log cos) may be read on the L scale,

EXAMPLE:

(1) Find cos 42° 15 and log cos 42° 1%/, Set left index of C scale over
lefr index of D scale. Set hairline on 42.25° (i.e., 42° 15') on S scale. Read
cos 42.25° = .740 on C or D scale. Read mantissa of log cos 42.25° = 869
on L scale. According to rule for characceristics of logarithms, this would
be 9.869—10.

Finding the Angle

If the value of trigonometric ratio is known, and the size of the angle less
than 90° is to be found, the above rules ate reversed. The value of the ratio
is set on the C scale, and the angle itself read on the S scale.

EXAMPLES:

(a) Given sin x = 465, ind x - Set indicator on 465 of Cscale, read x = 27.7°
on the S scale.

(b) Given cos x = .289, find x. Set indicator on 289 on C scale. Read
x=73.2°on the S scale.

PROBLEMS: ANSWERS:
1. Sin 9.6° 167
2, Sin 37.2° 603
3, 79.0° 082
4, Cos 12.2° 977
5 . Cos 28.6° 878
6, Cos 37.2° 794
7. Cosec 15.8° 3.68

Note: Cosec O = ,,_41_
sin B
8. Sec. 19.3° 1.060
1
Note: Sec B ey
9. 8in@ = 1737 0= 10°
10. Sin © .98 0 = 89°
11. Sin & = 472 0 = 282°
12. Cos 6 = 982 a = 108°
13. Cos © = 317 0= 715°
14. Cos 6 = 242 0= 76°
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1

15. Sec O = 1.0%4 {sec & = 0= 18.7°
cos &
16. Cosec O = 1.765 (cosec } = - ) 6 = 34.5°
sin ()

17. log sin 10.4° 9.256— 10
18. log sin 24.2° 9.613—10
19. log cos 14.3° 9.986—10
20. log cos 39.7° 9.886—10
21. log sin & = 9.773—10 0 = 364°
22. log sin B = 9.985—10 &y = 757

23. log cos © = 9.321—10 6 = 77.9°

24. log cos © = 9.643—10 6 = 63.9°

THE T SCALE: Tangents and Cotangents

The T scale, together with the € or C! scales, 1s used to F_md the value of
the tangent of cotangent of angles between 5.7° and 84.3%. Since tan X = Cot
(90— x), the same graduations serve for both angents and cotangents. For
example, if the indicator is set on the graduation marked . 30, 'th_e cot-
responding reading on the C scale is 577, the value of tan 30 .DThlS is also
the value of cot 60°, since @an 30° = cot (90° — 30%) = cot 60°. Moreover,
ran x = 1 ¢otx; in other words, the tangent and cotangent of theo same angle
are rccipr()cals. Thus for the same setring, the reciprocal of cot 60°, or 17,577,
may be read on the Cl scaleas 1.732. “This is the value of tan 60.

A single T scale reading from 5.7° to 45° (Jeft to right) and from 45° to
84.3° (right to left) will enable you to imake all calcularions. In order to provide
ease in reading and to simplify the solution of certain problems the T scale on
some mmodels of slide rules is doubled. That is, the scale for tangents of angles
from 5.7° to 45° is above the line and the scale for angles from 45° to 84.3°
is below the line. Check your slide rule and determine the section of the man-

ual that is applicable.

For single T scale
Rule. Set the angle value on the T scale and read
(i) tangents of angles from 5.7° to 43° on G,
(ii) tangents of angles from 45° to 84.3° on CI,
(iii) cotangents of angles from 45° to 84.3° on G,
(iv) cotangents of angles from 5.7° to 45° on CL

If the slide 15 set so that the C and D scales coincide, these values may also
be read on the D scale. Care must be taken to note that the T scale readings
for angles berween 15° and 8+.3° increase from right to left.

In case (i) above, the rangent catios are all becween 0.1 and 1.0 that is, the
decimal point is at the left of the number as read from the C scale.

In case {11), the rangents are greater than 1.0, and the decimal point is placed
to the right of the first digitas read from rhe Cl scale. For the cotangent ratios
in cases (jii) and (iv) the situation is reversed. Cotangents for angles between
15° and 84.3° have the decimal poinr at the left of the number read from the
C scate. For angles between 5.7% and 45° the cotangent 15 greater than 1 and
the decimal point is 1O the right of the first digic read on the CI scale, These
facts may be summatized as follows.

(30}

Rule: If the tan 10 1

; the tangent or cotangent ratio is read from the C sc

::lheménlal point is at the left of the first digir read, If the valu‘ze is :é:ée'z e
e scale, it is at the right of the first digit read. o

EXAMPLES:

{a} Find ran x and cot x when x = $°3(Y. First note that 50' = ()—:; of 1 de-

gree = .83°, approximarely. Hence 97 30" = 9.83°. Locate x = $.83" on the

T scale. Read tan 7
= x = .173 on th - e s
CTcile. e C scale, and read cot & = 3.77 on the

(b} Find tan x and cot x when x = 68.6°
_ : = 68.6° Locate x = 68.6° on the T s
reading from right to Jeft. Read 235 on the CI scale. Since all angk]:s3 gr::?::‘;

than 45° have tangents greater than 1 {that i igi
e at is, have
tan v = 2.55. Read cot 68.6° = 392 on the C sca?ge s S

Finding the Angle

1es;ft}t]};e v;élée_of rhg trfigoné)mctric ratio is known, and the size of the angle
n is to be found, the above rul

5 ¢h : : es are reversed, The value of the
ratio is set on the C or Ci scale, and the angle itself read on the T scale

EXAMPLES:

{c) Givent = A B s
T sc;]e. ventan x = 324, find x. Ser 324 on the C scale, read 17.9° on the

(d G. i —
.. T)' Sc;xlfg-n tan x — 2.66, find x, Set 266 on the C scale, read x — 69.47 on

(e) Given cot x — .630
on the T scale. 1 330, find x. Ser .630 on the CI scale, read x = 57.8°

(f) Gi =
the % scaVl’Z.n cot x 1.863, find x. Set 1865 on the CI scale, read 28.2° on

For double T scale

Rule. Set the angle x on the T scale: (i) above the line i

e : : el £5.7 s x £ 45°
and (ii) below the line if 45° = x = 84.39, and rc;ll]:l3 1thz Zféiui SofL}tShe’
tangent on the C scale, and cotangent on the CI scale.

In case (i), the decimal point of the tan is
; e : gent is at the lefr of che first digi
éci-z?t?:n g In éasF (ii), t}(lﬁ‘ decimal point of the tangent is at right of tshe ii{%;tt
ead on C. In case (i), the decimal point of the cotan i i
< I gent is at th h
of the first digit read on CL In case {ii), the decimal point is at thefl: 1%18 ;
the first digit read on CL e

EXAMPLES:

(a) Find tan 14.7° and cot 14.7°. Set indicator
o i over 14,
Read tan 14.7° = 0.262 on C, and cor 14.7° - 3.8?0[1 glf)n upper T scale.

(b) Find tan 72.3° and cot 72.3°. Ser indica
. 2.9, tor over 72. low
Read ian 723° = 513 on C and co 125 — 0810 0n €1 e
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PROBLEMS: ANSWERS:
1 tan 18.6° 337
2. tan 66.4° 2.29
3. cot 31.7° 1.619
4. ot 83.85° 1078
S ran €) = 1.173 0 = 49.55°

68.84°

oo
i

6. cot ) = 387

THE ST SCALE: Small Angles

The sine and the tangent of angles of less than about 5.7° are so negrly
equal that a single scale, marked ST, may be used for both. The graduation
for 1° is marked with the degree symbol (°). To the left of it _th§ primary
graduations represent tenths of a degree. The graduation for 2° is just about
in the center of the slide. The graduations for 1.5° and 2.5 are also numbered.

Rule: For small angles, set the indicator over the graduation for the
angle oo the ST scale, then read the value of the sine or tangent on the
C seale. Sines or tangents of angles oo the ST scale have one zero.

EXAMPLES: o _ i
(a) Find sin 2° and tan 2°. Set the indicator on the graduation for 2° on

the ST scale. Read sin 2° = .0349 on the C scale. This is also the value of

tan 2° correct to three digits, . )
(b) Find sin 0.94° and ran 0.94°. Ser the indicator on 0.94 of ST. Read sin

0.94° = tan 0.94° = 0164 on the C scale.
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Since cot x = 1/tan x, the cotangents of small angles may be read on the
Cl scale. Moreover, tangents of angles berween 84.3° and 89.42° can be found
by use of the relation tan x = cot (90 - x). Thus cot 2° = 1/tan 2° = 28.6,
and tan 88% = cot 2° = 28.6. Finally, it may be noted that csc x = 1/sin x,
and sec x = 1/cos x. Hence che value of these ratios may be readily found if
they are needed. Functions of angles greater than 90° may be converted to
equivalent (excepe for sign) functions in the first quadrant.

EXAMPLES:

(a) Find cot 1.41° and tan 88.59°. Set indicator at 1.41° on ST. Read
cot 1.41° = tan 88.59° = 40.7 on CI.

(b) Find csc 21.8° and sec 21.8° Set indicator on 21.8° of the § scale.
Read csc 21.8° = 1/sin 21.8° = 2.69 on CI. Set indicator on 68.2° of the
8 scale (or 21.8 reading from right to left), and read sec 21.8° = 1.077 on the
ClI scale.

When the angle is less than 0.57° the approximate value of the sine or
tangent can be obtained directly from the C scale by the following procedure.

Read the ST scale as though the decimal point were at the left of the numbers
priated, and read the C scale {or D, CI, etc.) with the decimal point one place
to the left of where it would normally be. Thus sin 0.2° = 0.00349; ran
0.16° =-0.00279, read on the C scale.

Two seldom used special graduations are also placed on the ST scale. One
is indicated by a longer graduation found just to the left of the graduation for
2° ar about 1.97°. When this graduation is set opposite any number of min-
utes on the D scale, the sine {or the rangent) of an angle of that many minutes
may be read on the D scale under the C index.

Sin 0° = 0, 2nd sin 1" = 00029, and for small angles the sine increases by
.00029 for each increase of 1 in the angle. Thus sin 2° = .00058; sin 3.44’
= .00100, and che sines of all angles berween 3.44" and 34.4" have two zeros.
Sines of angles between 34.4" and 344’ (or 5.73%) have one zero. The tangents
of these small angles are very nearly equal to the sines.

ExampLe: Find sin 6. With the hairline set the “minute graduatioa”
opposite & located on the D scale. Read 175 on the D scale under the C index.
Then sin 6" = .00175.

The second special graduation is also indicated by a longer graduation
locared at about 1.18° It is used in exactly the same way as the graduation
for minutes. Sin 1" = 0000048, approximately, and the sine increases by
this amount for each increase of 17 in the angle, reaching .00029 for
sin 60" or sin 17 = .00029.

Trigonometric Computations

Many formulas involve both trigonometric ratios and other factors. By
using several different scales such compurations are essily done,

EXAMPLES:

(a) Find the length of the legs of a right triangle in which the hypotenuse
is 48.3 ft. and one acute angle is 25° 2¢'.
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The side opposite the given acute angle is
equal to 48.3 sin 25° 20°. Hence we com-
pute 48.3 X sin 25.3°. Ser the index (right-
nhand index in this example) of the C scale
on 48.3 of the D scale. Move the hairline
over 25.3° on the S scale. Read 20.7 under
the hairline on the D scale. Another methad
is to set the left index of the C scale and
D) scale opposite each other, Set the hairline
over 25.3% on the § scale. Move the slide
so chat {right) index of the C scale is under
the hairline. Read 20.7 on the D scale under 48.3 of the C scale. The length
of the other leg is equal 1o 48.3 cos 25.3° or 48.3 sin 64.7° = 43.7.

(b) One angle of a right triangle is 68.3°, and the adjacent side is 18.6 ft.
long. Find the other side and the hypotenuse.
B a = 18.6 ran 68.3° or 18.6/cot 68.3
18.6/cos 68.3°.

(]l

For single T scale

To find 4, set the indicaror on 18.6 of the D scale, pull the slide until 68.3
of the T scale (read from right to left) is under the hairline, and read & = 46.7°
on the D scale under the right index of the Cscale. To find ¢, pull the slide until
68.3° of the S scale (read from right to left) is under the hairline (which
remains over 18.6). and read the result 50,37 on the 1D scale at the right index.

For double T scale

To find 4, set the left index of C on 18.6 of the D scale. Move the hairline
over 68.3 on the lower T scale and read 4 — 46.7" on the D scale under the
hairline. To find C, move the hairline over 18.6 of the 1D scale. Pull the slide
antil 68.3° of the § scale (read from right to left) is under the hairline, and read
the result 50.3" on the D scale at the righr index.

This problem may also be solved by the law of sines, namely,

sin 68.3  sin 21.7 1
or i - o B
c

gid WP _mag
a b ¢’ a 18.6

Set 21.7° on S opposite 18.6 on D. Read ¢ = 50.3 on D under 1 of C. Move
indicator to 68.3° on §, read 46.7 under the haitline on D.
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(¢) Find one side and two angles of an obtuse tiangle when rwo sides
and an included angle are known.

Given: ¢ = 428: b = 537: A = 32.6°

Find: a, B, and C.

Construct: Line h from the vertex of
B perpendicular to AC.

This divides A ABC imnrto
Fig. 10 2 right eriangles.

~Then h = ¢ Sin A, from the formula for sine of an angle.
Set right index of C over 428 on D and read h = 231 on D scale opposite
32.6° on S scale. Also,

h
M= A from formula for tangeat of an angle.
Opposite h (231) on D scale set 32.6° on T scale, and read m == 361 on
D scale opposite right index on C scale. Since 7 is now known.
n = b—m = 176

Tan C = —, from formula for tangent of an angle.
n

Opposite 231 on D scale set 176 on C scale and read 1.312, or tan Con D
opposite left index of C scale.
For single T scale set 1.312 on CI (see rule page 30), and read C = 32.7°
on'T.

For double T scale set 1.312 on C and read C = 52.7° on lower T.
Finally,
h
a = ———, from formula for sine of an angle.
SinC

Set index of C over index of D and move hairline to $2.7° on S. Move right
index of C under hairline. Move hairline to 231 on CL Read 2 = 290 on DL

Since A * B + C = 180°,

then B = 180° — (A+C) = 180° — 32.6° - 527° = 94.7°.
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PART 3-ELEMENTARY VECTOR METHODS

COMPLEX NUMBERS AND VECTORS

A vector quantity is one which has both magnitude and direction. For exam.-
ple, force and velocity are vector quantities. A quantity whrich has magnitude
only is called a scaler. For example, mass is a scalar. Vector quantities are
often represented by directed straight line segments. The length of the seg-
ment represents the magnitude in terms of a selected scale unit. The segment
has an initial point A and a terminal poine B, and direction is usually indicated
by an arrowhead at B pointing in the same direction as the motion of a point
which travels from A to B. In Fig. 10, three vectors are represented; namely

AB of magnitude 5, AC of magnitude 4,

and CB of magnitude 3. Vectors AB and

AC have the same initial point, A, and

form an angle, CAB, of 36.9°. The initial
3  point of vector CB is at the tetminal point
of AC. Vectors CB and AB have the same
terminal point.

Operations with vectors (for example,

A C  addition and muldplication) are per-
formed according to special rules. Thusin Fig. 10, AB may be regarded as the
vector sum of AC and CB. AB is called the remw/tant of AC and CB; the latter
are componenss of AB, and in this case are at right angles to each other. It is
frequently desirable to express a given vector in terms of two such components
at right angles to each other. Conversely, when the components are given,
it may be desirable to replace them with the single resultant vector.

Y P (x,9) In algebra, the complex number x + #,

where { = +/— 1, is represented by a

point P (x, y) in the complex plane, using

a coordinate system in which an axis of

“pure imaginary” numbers, OY, is at

right angles to an axis of "'real” numbers,
(o) OX.

The same point can be expressed in terms of polar coordinates (p, 8) in
which the radius vector OP from the origin of coordinates has length p and
makes an angle § with the X-axis. The two systems of representation are
related to each other by the following formulas:

@) tan 8 = 2 or § = arctan 7
x x

@ o= VT

(1) x = pcos 8,

(2) y = psin 6,
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Finally, the complex number x + 7y may be regarded as a vector given in
terms of its components x and y and the complex operator / = 4/ — 1. In
practical work the symbol 7 is preferred to 7, to avoid confusion with the
symbol often used for the current in electricity.

The "Euler identity” ¢/ = cos @ + jsin 6 can be proved by use of the series
expansions of the functions involved. Then pe is an exponential tepresenta-
tion of the complex number x + jy, since pe® = p cos § + jp sin 6 = x + jy.
The notation is often simplified by writing p /8 in place of pe”.

If two or more complex numbers are to be added or subtracted, it 1s con-
venient to have them expressed in the form x + 7y, since if Ny = x: + i,
and Nj = xz + fy2, then Ny + Np = (x1 + x2) + (31 + y2). H, however,
two or more complex numbers are to be multiplied, it is convenient to have
them expressed in the exponential form. Then if Ny = pie’® and N, =
pee’™, then NiNa = p1p2™® ) or (01 /81 ) (p2 /) = p1o2 /6 + 8s .

It is therefore necessaty to be able to change readily from either of these
representations of a complex number to the other.

Changing from Components to Exponential Form

If a complex number x 4 7y (or vec-
tor in terms of perpendicular compon-
ents) is given, the problem of chang-
ing to the form p /6 is equivalent to
finding the hypotenuse and one acute
angle of a nght triangle. The formulas

»  an @ = 2’and,o=y/sin!9, or p= x/cos ¥,
X

X
are thé basis of the solution. Thus if N = 4 + 73, when 4 of C is set oppo-

site 3 of D, the value of the ratio 1, orz = 751s read on D under the C index.

X 3

If the indicator is set at the index, and the slide moved so thar .75 is under
the hairline, the value of # = 36.9° may be read on the T scale. Then p =
3/sin 36.9 may be computed by moving the indicator to 3 on the D scale,
pulling 36.9 on the § scale under the hairline, and reading p = 5 on the
D scale opposite the left index of C. However, this method involves several
unnecessary settings and is thus more subject to error than the method
given in the general ruie below.

A single T scale reading from 5.7° to 457 (left to right) and from 45° to
84.3° (right to left) will enable you to make all calculations. In order to pro-
vide ease in reading and to simplify the solution of certain problems the T scale
on some models of slide rules is doubled. Thar is, the scale for tangents of angles
from 5.7° to 45° is above the line and the scale for angles from 45° to 84.3°
is below the line. Check your slide rule and determine the section of the manual
that is applicable.
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For single T scale

Observe that if x and y are both positive and x = y, then tan § = 1 and
§=45" Ify < x,then 8 < 45°;,1f y > x then 8 > 45° Thus if y < x, the
T scale is read from left to right. If y > x, the T scale is read from right to left.

Rule: (i) To the larger of the two numbers (x, y) on D set an index of
the slide. Set the indicaror over the smaller value on D and read § on the
T scale. If y < x,then # < 45. If y > x, then § > 45, and is read from

right to left (or on the left of the graduation mark).

(ii) Move the slide until # on scale S is under the indicator, reading §
on the same side of the graduation as in (i). Read p on D at the index of

the C-scale.

Observe that the reading both begins and ends at an index of the slide.
By this method the value of the ratio y/x occurs on the C (or CI) scale of the
slide over the smaller of the two numbers, and the angle may be read imme-
diately on the T scale without moving the slide. In using any method or rule,
it is wise to keep a mental picture of the right triangle in mind in order to
know whether to read § on the T ot on the ST scale. Thus if the ratio y/xisa
small number, the angle § is a small angle, and must be read on the ST scale.
To be precise, if y/x < 0.1, the ST scale musc be used. Similarly, if the ratio

y/x > 10, the angle # will be larger than 84.3° and cannot be read on the T
scale. The complementary angle ¢ = (90 — 6) will, however, then be on the
ST scale, and then & may be found by subtracting the reading on the ST scale

from 90°, since 8 = 90 — ¢.
EXAMPLES:

(a) Change 2 + 73.46 to exponential or “vector” form. Note 8 > 45, since
y > x{or3.46 > 2). Setright index of S opposite 3.46 on D. Move indicator
to 2 an D. Read § = 60° on T at the lefs of the hairline. Move slide untit
60° on scale S is under the hairline (numerals on the /ff), and reed p = 4 on
the D scale at the C-index. Then 2 + 73.46 = 4p'™ = 4 /60°.

{b) Change 3 + 72 to exponential or vector form. Note that § < 45° since
y < x (second component less than first).  Set right index of § over 3 on D.
Move indicator to 2 on D, read 8 = 33.7° on T (use numerals on the right-
hand side of graduations). Move hairline 10 33.770onS. Readp = 3.600nD
under index. Hence 3 + j2 = 3.60 /33.7.

(¢) Change 2.34 + /.14 10 exponential form. Since y < x, then 8 < 45°.
Moreover, the ratic y/x is a small number {actually about .06). Since the
tangent has one zero, the angle may be read on the ST scale. Set righe index
of § opposite 2,34 of D. Move indicator to .14 on D. Read 8 = 3.43° on ST.
The slide need nat be moved. The value of p is approximately 2.34. In other
words, the angle is so small that the hypotenuse is approximately equal to the
longer side. Then 2.34 + j.14 = 234 /3.43.

(d} Change 1.08 + 26.5 to exponential form. Here y > x, so that § > 45°
26.5 L :

But % = {08 > 10. Ser right index of S on 26.5 of D. Move indicator to

1.08 of D. Read ¢ = 2.34° on 8T. The slide need not be moved. The value

of p is approximately 26.5; # = 90 — 2.34° = B7.66°. Hence 26.5 /87.66°

is the required form,

[38}

The following method of changing x + jy to the form p /@ using the
DM scale is sometimes easier to use than methods based on the D scale,

Rule: (i) To the smaller of the two numbers (x, y} on DI ser an index
of the slide. Set the indicator over the larger value on DI and read & on
the T scale. If y < x, then 6 < 45°. If y > x, then § > 45° and is read
from right to left (or on the left of the graduation mark).

(ii) Move the indicator over 8 on scale § (or ST), reading § on the
same side of the graduation as in (i). Read p on DI under the hairline.

ExAMPLES: )

{a) Change 2 + 7 3.46 to exponential form. Note that y > x since
3.46 > 2, and hence # > 45°. Set right index of C over 2 on DI. Move
indicator to 3.46 on DI. Read # = 60° on T. Move indicator to 60° on 8.
Read p — 4 on DI. Hence 2 + 7 3.46 = 4/60°.

(b} Change 114 + j 20 to exponential form. Here y < x, so 8 < 45°.
Set left index of C over 20 on DI. Move indicator to 114 on DI. Read

# = 9.95° on T. Move hairline to0 9.95° on S§. Read p = 116 on DI. Hence
114 + 720 = 116 /9.95%

It will be observed that this rule is, tn general, easy to use. In step (i) the
value of ran 8 for 8 < 45° may be observed under the hairline on the
C scale, and the value of tan # for 8 > 45° under the hairline on CI.

It may be noted that the rule given first (using the D scale) obeains the
result in example (b) above withour having the slide project far to the
right. Thus, it appears that the relative advantages of the two methods
depend in part upon the problem.

If x and y are both positive, 8 < 90°. If x and y are not both positive, cthe
resultant vector does not lie in the first quadrant, and @ is not an acute angle.
In using the slide rule, however, x and y must be treated as both positive. Itis
therefore necessary to correct 6 as is done 10 trigonometry when an angle is
not in the first quadranc.

EXAMPLES;

(a) Find the angle between the X.axis and the radius vector for the complex
number — 4 + ;3. First solve the problem as though both components were
positive. The angle § obrained is 36.9°, In this case the required angle is

— 4443 Y — 4443 180° ~ 8 = 180° — 36.9° = 143.1°.
Hence — 4 + 73 = 5/143.1°,
Similarly for —d4 — #3, the required
angle is 180 + 8 = 180 4 36.9° =
216.9°, s0 — 4 — 73 = 5 /216.9°.

| P S, I For 4 — ;3 the required angle is

-3 7 N -3 360° — 8 =13231° so 4 — 73 =

{7 ! 5 /323.1°, -which may also be ex-

4 —|-/j3 4-3 pressed in terms of a negative angle as
Fig. 14 5/—36.9°.

{b) Change 17.2 — 76.54 to exponential form. Here the ratio y/x is negative
so 8 can be expressed as a negacive angle. In numerical value y < x, so the
numerical or absolute value of 8 < 45°.  Set leftindex of S opposite 17.2 on D.
Move indicator over 6.5¢ of D, read 6 = 20.8° on T.. Pull 20.8 of § under
hairline, read 18.4 on D at left index. Hence 17.2 — j6.5¢ = 18.4 /— 20.8°,

or 18.4 /339.2°.
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For double T scale

Observe that if x and y are both positive and x = y, then tan # = 1 and
f — 45° 1f y < x, then § < 45%; if y > x then 4 > 45°. Thus if y
< x, the upper T scale is used. If y > x, the lower T scale is used.

Rule. (i) to x of the two numbers (x, y) on D set on index of the slide.
Set the indicator over the value of y on D and read 6 on the T scale. If
y < x, then 4 < 45°, and is found on the upper T scale. If y 2> x, then
# > 45, and is read on the lower T scale.

(ii) Move the slide until # on the S scale is under the hairline. Interchange
the indices of the C scale if necessary. Read p on D under the index of
the C scale.

Observe that the reading both begins and ends at an index of the slide.
By this method the value of the ratio y/x occurs on the C (or Cl) scale of the
slide over 3 of the two numbers, and the angle may be read immediately on
the T scale without moving the slide. In using any method or rule, it is wise to
keep a mental picture of the right triangle in mind in order to know whether
to read 4 on the T or on the ST scale. Thus if the ratio ¥/x is a small number,
the angle 4 is a small angle, and must be read on the ST scale. To be precise,
if /% < 0.1, che ST scale must be used. Similarly, if the ratio y/x > 10, the
angle 8 will be larger than 84.3° and cannot be read on the T scale. The com-
plementary angle ¢ — (90 — #) will, however, then be on the ST scale, and
then # may be found by subtracting the reading on the ST scale from 90°,
since § = 90 — 4.

EXAMPLES:

(a) Change 2 + ;3.46 to exponential or “vector” form. Note § >. 43, since
y<lx (or 3.46 > 2). Set left index of S opposite 2 on D. Move indicator to 3.46
on D. Read # — 60° on lower T. Move slide until 60° on scale § is under the
hairline (numerals on the right), and read p = 4 on the D scale at the C-index.
Then 2 + 13.46 = 4, 160 = 4/60°.

(b) Change 3 + 42 to exponential or vector form. Note thar 8 < 45° since
v < x (second component less than first). Set right index of § over 3 on D.
Move indicator to 2 on D, read § = 33.7° on upper T. Move hairline to 33.7°
on $. Read p = 3.60 on D under index. Hence 3 4 72 = 3.60 /33.7.

(¢) Change 2.34 + ;.14 to exponential form. Since y < x, then # < 45°.
Moreover, the ratio y/x is a small number (actually about 06). Since the
tangent has one zero, the angle may be read on the ST scale. Set right index
of $ oppusite 2.34 of D. Move indicator to .14 on ID. Read # = 3.43" on ST.
The slide need not be moved. The value of p is approximately 2.34. In other
words, the angle is so small that the hypotenuse is approximartely equal to the
longer side. Then 2.34 + ;.14 = 2.34 /3.43.

(d) Change 108 + 726.5 to exponential form. Herey > x, so that # > 45°.

.
But £ — 752 > 10, Set right index of § on 26.5 of D.  Move indicator to

1.08 of D. Read ¢ = 2.34° on ST. The slide need not be moved, The value
of p is approximately 26.5; 8 = 90 — 2.34° = 87.66°. -Hence 26.5 /87.66°
is the required form,

{401}

The following method of changing x + jy to the form p 6 using the
DI scale is sometimes casier to use than methods based on the D scale.

Rule: (i) To y of the two numbers (x, ¥} on DI set an index of the slide.
Set the indicator over the value of x on DI and read 4 on the T scale.
If y < x, then # < 45°, and is found on the upper T scale. If y = x, then
# > 45° and is read on the lower T scale,

(ii) Move the indicator over 4 on scale S (or ST). Interchange the
indices of the C scale if necessary. Read p on DI under the hairline.
ExAMPLES:

(a) Change 2 + 4346 to exponential form. Note that y > x since 346
> 2 and hence # > 45°. Set left index of C over 3.46 on DI. Move indicator
to 2 on DL Read # = G0° on lower T. Interchange index of C scale. Move
indicator to 60° on S, Read p — 4 on DL Hence 2 4 j3.46 = 4/60°.

(b) Change 114 4 ;20 to exponential form. Here y < x, 50 4 < 45°. Set
the left index of C over 20 oa DL Move indicator to 114 on DI. Read
8 = 9.95° on T. Move hairline to 9.95° on S. Read p = 116 on DL Hence
114 + 420 — 116 /9.95°.

It will be observed that this rule is, in general, easy to use. In step (i) the
value of tan # may be observed under the hairline on the C scale. It may be
noted that the rule given first (using the D scale) obtains the result in example
(b} above without having the slide project far o the right. Thus, it appears that
the relative advantages of the two methods depend in part upon the problem.

If x and y are both positve, 8 < 90°. If x and y are »ot both positive, the
resultant vector does not Lie 1n the fust quadrant, and 6 15 not an acurte angle.
In using the slide rule, however, x and y must be treated as both positive. Itis
therefore necessary to correct f as is done in trigonemetrsy when an angle 1s
not’in the first quadrant.

EXAMPLES!

{a) Find the angle between the X-axis and the radius vector for the complex
number — 4 + 73, First solve the problem as though both components were
positive, The angle # obrained is 36.9°. [n this case the required angle 15
M Y 443 180° — 4= I80° — 36.9° = 143.1°
Hence — 4+ 73 = 5 /14317,
Similarly for —4 — 73, the required
angle is 180 4 4 = 180 + 369° =
216.9% so — 4 — ;3 = 3 “216.0°
For 4 — ;3 the required angle is
360° — # = 323.1° s0o + — 73 =
5 /323.1°, which may also be ex-

f; y pressed in terms of a negative angle as
Fig. 14 57— 36.9°,
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(b) Change 17.2 — 76.54 to exponential form. Here the ratio y/x is negative
50 8 can be expressed as a negative angle. In numerical value y < x, so the
numerical or absolute value of § < 45°.  Setleftindex of $ opposite 17.2 00 D.
Move indicator over 6.54 of D, read # = 20.8° on T. Pull 20.8 of § under
hairline, read 18.4 on D at left index. Hence 17.2 — 76.54 = 18.4 / — 20.8°,

or 18.4 /339.2°.

Changing from Exponential Form to Components

The process of changing a complex number or vector from the form
pelt = p /iro the form x + jy depends upon the formulas x = p cos 6,
y = psin §. These are simple multiplications using the C, D, and § (or ST)
scales.

Rule: Set an index of the S scale opposite p on the D scale. Move in-
dicator to 8 on the 8 (or 8T) scale, reading from left to right (sines).

Read y on the D scale. Moving indicator to 8 on the § (or ST) scale,
reading from right to left {cosines), read x on the D scale.

If > 90° or & < 0,1t should first be converted to the first quadrant, and the
proper negative signs must later be associated with x or y.

EXAMPLES:

(a) Change 4 /60° to component form. Set right index of § on 4 of D.
Move indicator to 60° on S (reading scale from left to right). Read 3.46 on D
under hairline. Move indicator to 60° on S, reading scale from right ro left
(cosines). Read 2 on D under hairline. Hence 4 /60° = 2 + 3.46.

(b) Change 16.3 /15.4° to the x + jy form. Set left index of $ on 18.3 of
D. Move indicator to 15.4°f S, read 4.33 on D. Since 15.4° reading from
right to left is off the D scale, exchange indices so the right index of C is
opposite 16.3 of D. Move indicator to 15.4 of §, and read 15.7 on D. Hence
16.3 /15.4° = 15.7 + 74.33.

(¢} Change 7.91 /3.25° to component form. Set right index of 8 on 7.91 of
D. Moveindicatorto 3.250nST. Read 0.448 on D. To determine the decimal
point, observe that the angle is small, and hence the y component will also be
small. Obviously, when the hypotenuse is near 8, 4.48 would be too large,
and 0.044K too small, to produce an angle of 3.25°. The cosine cannot be set
on 8T, but the angle is so small that the x-component is practically equal to
the radius vector or hypotenuse. Hence 7.90 is a close approximation, and
7.91 /3.25° = 7.90 + 70.448.

(d) Convert 263 /160° to the x + jy form. Since 160° > 90°, compute
180° — 160° = 20°. Set left index of the S scale on 263 of D. Move indicator
to 20° on 8. Read 90.0 on D. Move the slide so that the right index of S s
on 263 of D. Move indicator to 20 (reading from right to left) on 8. Read
247 on D. Since the angle is in the second quadrant, 263 /160° = — 247 +

790,

[42]

LOGARITHMS OF COMPLEX NUMBERS

The logarithm of a complex number z=x -+ jy is a complex number. Let
log, (x4 4y) = & —|— jq, Then
o i B L - L LT (cos v+ jsinv) — ¥ cos v j e*sin 2.
Equating thc real and then the imaginary parts gives two equations

X =T ¥ cos v
y = e*sinv
which may be solved for # and v. By division, tan ¥ = 9/x, and hence v =
arctan ( jfx) Squaring and adding, x* '+ 9* = €%, and hence # = log,
V%% + ¥~ Then
Ioge (x +fy) = loge \/¥* 3 + jarctan (y/x) = log, p - j6.

Rule: To find log,, (x + fy), first convert x - jy to polar form p/6.
Find log. ¢ and write the results in the form log, p - 76.

For double T scale

ExampLE: Find log, (2.6 + 73.4). To convert 2.6 + 3.4 to polar form, set
left C-index over 2.6 on D. Move indicator to 3.4 on D. Read § = 52.6° on
lower T under hairline. Move slide to bring sin 52.6° on § (read left to
right) under hairline, and find p — 4.28 on D. Set indicator on 4.28 of the
Ny scale. Read 1454 on the DF/Mscale. Then log, (2.6 + j34) = 1454
-+ §52.6°, or 1.454 + j0.92, when 4 is in radians. This complex number
may then be expressed in exponential form if desired.

ExampLg: Find log, (2.6 4 j3.4). To convert 2.6 + 3.4 to polar form, set
right C—index over 3.4 on D. Move indicator to 2.6 on I». Read 8 = 52.6°
on T (read right to left) under hairline. Move slide to bring cos 52.6° on §
{read right to lefr) under hairline, and read 4.28 on D under right index.
Set indicator on 4.28 of the Nj scale. Read 1.454 on the DF/M scale. Then
log, (26 + j 34 = 1454 + j52.6° or 1454 + j 0.92, when 6 is in
r?cfixans c’lrhls complex number may then be expressed in expenential form
if desire
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ILLUSTRATIVE APPLIED PROBLEMS

1. Two forces of magnitude 28 units and 39 units act on the same body but
at right angles to each other. Find the magnitude and angle of the resultant
force.

———————=m In complex number notation, the resultant is

Fig. 13 - | 39+ 28 Change this to exponential form.

- g2t ! Since 28 < 39, then 8 < 45° Set the right index
o I of Son3%of D. Move indicator to 28 of D.

%\ 6 _Jl Read 8 = 35.6° on T. Move slide so 35.6° on
30 * < is under the hairline. Read p = 48.0 on D

under the S-index. Hence the resultant has
magnitude 48 units, and acts in a direction 35.6° from the larger force and
90 — 35.6° or 54.4° from the smaller force. This angle can be read on the
S scale under the hairline.

9. A certain altemating generator has three windings on its armature, In
each winding the induced voltige is 266.4 volts effective. The windings are
connected in such a way that the voltages in each are given by the following
VeCtor expressions.

E, = 266.4 (cos 0° — j sin 07)

E; = 266.4 (cos 120° — 7 sin 120°)
_ 266.4 cos 120° — j 266.4 sin 120°

Es = 266.4 {cos 240° — ; sin 240%)
= 266.4 cos 240° — 7 2(6.4 sin 240°

Express these numerically.

E, = 2664 (1 — f0) = 2664 — 70

To find Es, reduce the angles to first quadrant by taking 180° — 120° = 60°.
Set the right index of $ on 266.4 of D. Move the indicator to 60° of S (reading
right to left). Read 133.20n D. Move indicator to 60° on S, read 230.7 on D.
Then

E, = — 133.2 — ;2307
To find Es, reduce 240° to the first quadrant by noting 240° = 180° + 60°.
Hence, except for a negartive sign, Es is the same as Eq, and

Es = — 133.2 4 7230.7
Suppose the first and second windings are so connected that their voltages
subtract; that is,

Eo = E, — Ez = (266.4 — j0) — ( — 133.2 — j230.7) = 399.6 + 7230.7
This may be changed to the p /¢ form. Set the right index of S on 399.6 of
D. Move the indicator to 230.7 of D. Read 8 = 30° on T. Move slide so
that 30° on S is under indicator, and read 461 on D at the S-index. Then
Ey = 461 /30°, and hence the voltage is 461 volts and leads the voltage

E1 by 30°

[44]

3. Anal®ernating voltage of 104 -+ 760 is impressed on a circuit such that the
resulting current is 24 — 732. Find the power and power factor. First convert
each vector to exponential form.

E = 104 + /60 = 120 /30° volts, approximately
= 24 — 732 = 40 /— 53.1 amperes, approximately.
Hence the voltage leads the current by 30° — ( — 53.1) = 83.1°
The power factor cos 83.1° = 0.120.

The power P = EI cos 4 = (120)(40)(0.120) = 576 watts, approximately.
4. The “characteristic impedance” of a section of a certain type of line Is

. ! 2
given by the formula Zp = \XZIZQ + gi-, where in each case, the symbol

Z represents a vecror quantry. Compute Zo when

Zy = 40 + 7120, Z; = 220 — 7110,
First convert to exponential form.

Zy =40+ 7120 = 126 /71.6°

Zy = 220 — 7110 = 246 /— 26.6°

Hence ZZ, = (126)(246) ;71.6 — 26.6
= 31,000 /45.0°
2 v
2 -2 paie
IS0

= 3975 /143.2
Z = /31000 H50° + 3.975 /143.2

Since veetors are to be added before the square root is found, it is now con-
venient to convert them to component form.

31,000 /45.0° = 21,900 + 721,900
3,975 /143° = —3,180 + ;2,380

To compute the latcer, take 180° — 143° = 37°, compute the components
using 37°, and observe that the x or real component must be negative since
143° is an angle in the second quadrant. Then

7 = /(21,900 — 3180) + (21,900 + 2390)

= /18,720 + 124,200
In order to find the square root, it is convenient to change back to ex-
ponential form,

Z = /18,720 + 724,290

/30,600 /52.4°
= 175 /26.2° chms.

il

The final result is obtained by serting 30,600 on A and reading 175 on D;
the angle 52.4° is merely divided by 2. This problem shows the value of being
able to change readily from one form of vector representation to the other.
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PART 4. USE OF LOG LOG SCALES

To find the value of 1.37, 5.6', "\/38, *\/84, and many other types of
expressions, Log Log scales are used. The method of computing such expres-
sions wiil be cxplained in larer sections. First the Log Log scales will be
described.

The Log Log scale has two main parts. One part is used for numbers greater
than 1. The other part is used for numbers between 0 and 1; that is, for proper
fractions expressed in decimal form. On some models of the slide rule these
two parts are arranged "back to back.” One part, indicated by N, is above the
line, The other parr, indicated by 1/N, is under the line. (See Fig. 16}. On
other models the two parts are separated.

N et 110028 108t L1 RORE
G0 L B L e e e e il
o <397 < o986l

Fig. 16

READING THE SCALES

Numbers greater than 1:

On an ordinary logarithmic scale, such as the D scale, any particular grad-
uation represents many different numbers. Thus the graduation labeled 2
represents oot only 2, but also 20, 200, .2, .02, etc. In contrast, any graduation
on a Log Log scale represents only one number. The principal graduations are
labeled with a number in which the decimal point is shown.

The scales labeled N, Ny, N, and N are sections of one continuous scale
about 40 inches long. The top scale, marked N, begins at the left end at about
1.00230. Set the hairline of che indicator on this mark, chen move the indicator
siowly to the right, reading 1.0023, 1.003, etc, ending at 1.0232. When the
end of the scaie is reached, move the indicator to the left end of the rule and
continue reading on the N. scale, reading 1.03, 1.04, etc,, to about 1.259. The
scale marked N begins at 1.259 and ends at 10. Finally, the scale Ny begins
at 10 and ends ar 10" or 10,000,000,000 (ten billion).

There is no dificuity in reading the principal graduations since they are
labeled and the decimal point is shown. Between the principal graduations the
intervals are subdivided in several different ways. Thus the graduations be-
tween the numbers shown do not have the same meaning in all sections of
the scale. To the beginner, this variation in the meaning of the scale divisions
1s often confusing. However, as one gains familiarity with the instrument, the
proper reading usually may be obtained at a glance. The basic scheme is the
same as that used in sub-dividing ordinary logarithmic scales, such as C and D.

(1} To locate a number, look first for the nearest smaller number that ap-
pears on the scale,

[463

(2) Second, observe the major subdivisions between the nearest smaller
number and the one following it. Sometimes there are 10, at other times 3, and
at still other times only 2 or 3 major parts of the interval.

The general idca used in reading the scales may be stated informally as
follows: Starting with the smaller printed number, decide how you must
“count” the major graduarion marks to come ocut correctly at the larger
printed number.

(3) Third, in most cases there are still other or minor subdivisions between
the major ones. These minor subdivisions divide the major intervals into 10
sub-parts, 3 sub-parts, or 2 sub-parts. Use the slide rule and check the location
of the numbers in the following rtable.

Number Scale
1.01278 is between 1.01 and 1.015 on N,
1.17%  is between 1.15 and 1.2 on N.
478 is hetween 4 and 5 on N
1.054 is between 1.05 and 1.06 on N.
1.862 is between 1.8 and 1.9 on N

Ny

25.6 is between 20 and 30 on

Examples: Count by "ones” (thowsandihr)
(a) Then by “ones” agatn (tenths of thousandths)

LTS S0 e o e s vl losnsdliron e IR
B B B R el

5 major sub-parts
10 minor sub-parts

In this example, there are 10 minor sub-parts. Each represents one-tenth of
the interval. Starting at 1.01, the graduations read in sequence repréesent the
following numbers: 1.0101, 1.0102, 1.0103, 1.0104, 1.0103, 1.0106, 1.0107,
1.0108, 1.0109, 1.0110, 1.0111, erc.

(bj Comnt by “ones” (anits)
Then by “fivei” (halves of unilij

10 15, 20 30 o0
Na * i b
Lfn: P;JWWPWMMM sul

\ <08

10 major sub-parts
2 minot sub-parts

In this example the minor subdivisions represent halves of the major inter-
val. Hence the graduations read in ordet represent 20, 205, 21, 21.5, etc.

[47]




(c) ?ofmt by “omes” (tenthi of thuusandths)
Then by "fives” t bundredths of thousandths)

\/:: _35[; L‘“.J“‘W'Ji“ﬂq(‘s'ﬂ.‘lf‘.“‘"'1‘?‘%}‘%',‘ |i\.lu|wl"9\%nj

10 major sub-parts
2 minor sub-parts

In this example the minor subdivisions represent half the interval, and the
rcadings in order are 1.006, 10065 L0061, 1.00615] etc.
fo 2,
(d) Count by "tens” {ten)
Then by “fwes” ( fve)
T 200
ke Py H:,IOI}*JT <008

10 major sub-parts
2 minot sub-parts

It this example the minor subdivisions represent halves of the major sub-
interval. The readings in order are 100, 105, 110, 115, etc.

Count by "hundreds” (bundred)
(e) Then by "tens” {ten)

Ne o4 L8

: ! 28 . sap
ViR T "4{}”’"“‘"““‘"\’*“”"‘1

Tl

3 major sub-parts
10 minor sub-parts

In this example the minor subdivisions represent tenths of the major sub-
intervals. The graduations read in order represent 204, 210, 220, 230, etc.

The general idea is the same in all cases. It is necessary to decide how the
marks must be “counted” to come out right. That is, if the “counting” is
properly done, it "comes out right” when the next principal graduation (labelled
with a number) is reached.

Nunihers from 0 to 1:

The scales labeled 1/N;.1./Ny, 1/N; and T Ny are parts of one continuous
scale 40" long reading from abour 9977 w 107, or .000,000,0001. The ranges
of these sections are approximately as follows.

SCALE LEEFT INDEX RIGHT INDEX
1/N; 9977 977
1/N. 977 794
1/N, 794 100
1/N, 100 .000,000,000,1

[48]

The methods of subdividing these scales are the same as those used for

numbers greater than 1. The methods of reading the scales are also the same.
Use the slide rule to check the location of the numbers in the table below. As
before, look first for the nearest smaller number ac a principal graduation mark.

NUMBER SCALL
984 between .98 and .99 on 1/N,
.813 between .80 and .85 on 1/N.,
231 between .20 and .30 on 1/N,
026 between /N,

01 and .05 on

The examples below show how the scales may be read,

Count by “ones” (thousandths)
Then by “fives” (tenths of thonsandihs)

e IR,

|
i

uplugtod,
L

g 92

il
- ¥ 1

T T "98[ T

10 major sub-parts
2 minor sub-parts

In this example there are only 2 minor sub-parts. Each represents one-half

of the interval. The graduations read in order from right to left represent 9800,
9805, 9810, 9815, 9820, .9825, etc.

Connt by "ones” (thousandths)

k2
1782

o el Bt L i,

10 major sub-parts
No minot sub-parts

In this example there are no minor sub-parts. The graduations read in order
from right to left represent 931, 932, 933, 934, 935, 936, etc.

Cowent by “ones” (hundredihs)
Then by “twos” (thousandths)

wn

2 i
T Lk s e o

5 major sub-parts
5 minor sub-parts

In this example there are 5 minor sub-parts. Each tepresents one-fifth of the
interval. The graduations read in order from right to left represent 800, 802,
806G, 808, 810, 812, etc.
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Count by "ones” (hundredihs)
(1) Then by "fves” (thoutandths)

; 23
Na g %MM@W
s B <qsl <ap

5 major sub-parts
2 minor sub-parts

In this example there are 2 minor sub-parts. Each represents one-half of the
interval. The graduations read in order from right to left represent 400, 403,
A10, 415, 420, 425, etc.

() Count by "ones” (bundredths)
Then by "fives” (thousandihs)

Ne * 18 LS_‘ L LL?D ;
1/N4 P;;O +h J:L[)s

5 major sub-parts

2 minor sub-parts

In this example there are 2 minor sub-parts. Each represents one-half of the
interval. The graduations read in order from right to left represent 050, .055,
060, .065, 070, .075, etc.

FUNDAMENTAL RELATIONSHIPS

There is a reciprocal relationship between numbers sec on the Log Log
scales. This relationship plays an important role in the use of these models

of the slide rule.

13 13 1k 1 I
L H 6
/N - <35 <10 <5 <80

Fig. 17

Check the readings in the table below on the slide rule. Observe that the
symbols for the scales have been chosen to emphasize this relationship.

Ex. Number Scale Reciprocal Scale

(ﬂ) 2 N 3 1/N3

(b} 5 Ny 20 1/Njy

(c) 1.25 N 80 I/N:

(d) 1.0131 N, 9871 i/Ny

(e 52 N 0192 1/N,
{50}

It should be recalled that, in general, a number N may be represented by the
form b™, In this form the number & is called the ase and the number 7z is called
the exponent. The number N is called the power. In this discussion the number
& will always be greater than O and not equal to 1, (ie., b>0 and bs£1).

By definition, the logarichm of a number N to the base & is the exponent
that must be given to & to produce N. The number 7 in the expression above
is also the logarithm,

Exponential Form Logarithmic Form
N=b= logy, N=m
Although the Log Log scales of a slide rule have important uses in connection

with the exponential form, it wili be convenient to consider first their use in
finding logarithms.

In general, if N represents 2 number under the indicator hairline on a Log
Log scale, the logarithm of N will be under the hairline of an ordinary
logarithmic scale, such as the D scale. The choice of the base & and the appro-
priate ordinary logarithmic scale is, however, affected by the type of scale
arrangement available on the slide rule.

In scientific work the most convenient base is often the number e (approxi-
mately 2.718) . Slide rule scales are therefore arranged to favor this base. When
the base is e the logarithms are called natural, hyperbolic, or Napierian. Common
logarichms have the number 10 as the base.

FINDING LOGARITHMS, BASE e.

On these models two special scales (DF/M and CF/M) are provided. (See
page 21 ). They are ordinary logarithmic scales which are “folded” on 2.3,
approximately. When logarithms to base e are to be found the following rule
applies.

Rule (@) Position, When the indicator is set over any number N on
a Log Log scale, the numerical value of the natural logarithm may be
read under the hairline on the DF/M scale, and conversely.

(b) Sign: If the number is greater than ! {set on N1 to N4) the
logarithm is positive,

If the number is less than 1 (set on 1/N1 to 1/N4) the logarithm is
negative,
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Check on the slide rule the readings shown in the table below:

Ex. Number Scale Log. N
(a) 4 Ny 1.386
(b) 1.15 N. {0.1398
(<) 1.02 N, 0.0198
(d) 30 N, 34

{e) . 14035 Ny 0.34
(f) 1.0346 N. 0.034
(g) 0.05 1/N, —3.00
{h) 0.63 1/Ny —0.462
(i) 0.946 [/N. —0.0555
(j) 0.9964 1/Ny —4.0036

Fig. 18

(c) Decimal point. Place the indicator hairline over 1 of DF/M. Note
the following cases:

{(#) If N is on N and Ny between ¢ and 22,000 (under ¢), the decimal point
of the logarithm is at the right of the first digit read on DF/M. (Observe the
reminder symbol D. at the left end of Ny ). This symbol alse governs the pare
of N to the right of e. ¢

{#) If N is on N, and N;; between 1.105 {above e) and &; the decimal point
of the logarithm is moved one place to the left of che first digic read on DF/M.
{Observe the reminder symbol .D at the left end of Ny. This symbol also
governs the part of N» to the right of 1 on DF/M).

(iiz) 1f N is on Nu and Ny between 1.105 and 1.01, the decimal point of
the logarithm is moved two places to the left of the first digit read on DF/M,
{Observe the reminder symbol .OD at the left end of Na. This symbol also
covers the part of Ny to the right of | on DF/M.

{ivy If N ison N, to the left of 1.01, the decimal point of the logarithm is
moved three places w the lefr of the first digir read on DF/M. (Observe the
reminder symbol .OOD at the left end of N+ j.

(#) If N is on Ny to the right of 1 on DF/M, the decimal peint in the
logarithm is moved two places to the right of the first digic read on DF/M.
{Note: fog. 10" = 10 log. 10 = 10 (2.3) - 23. This is the logarithm of
the largest value on the Log Log scale) .

(£) to #). The same rules hold for number set on the scales 1/N; to 1/N;.

For small values of x, it is true that log. (1+ x) == x, approximately. Hence
the logarithm of numbers on N is approximately equal to the decimal fraction
following the 1 in N. Thus log. (1.008) = .008, approximately. If this fact
is kepr in mind, it is easy to place the decimal point in the logarithm. The
decimal point moves 1 place 1o the vight each time the 1 of DF/M 35 crossed
from left to right,
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FINDING LOGARITHMS, ANY BASE

Logarithms to any base a may be found by the formula log, N = (Jogl.N)/
(log.A). For commen Jogarithms a — 10, and log. 10 = 2.303. Since 1/2.303
— 4343 the formula becomes

logio N = 4343 log. N.

The value of log,o N may be read directly on the D scale. The symbols D.,
D, OD, and 00D at the left end of the Log Log scales show how to place
the decimal point for any number set on the corresponding scale. With this
scale arrangement, it is as casy, if not easier, to find logarithms 0 base 10
as to base .

In working with the slide rule the use of cologarithms is rarely necessary.
They are, of course, convenient if tables are being used and cthe computations
done by other methods. In some cases, however, it may be convenicene to have
the cologarithm, The cologarithm of a number greater than 1 may be found
directly from the 1D scale read from right to left. Small numerals for this pur-
pose ate printed at the left of the principal graduations. The symbpol "Co.” is
printed ac each end of the D scale as a reminder of this fact. For example, colog
20 = —log 20 =~ —1,301. When the Co. scale is used, the reading is 8.699,
and the complete cologarithm of 8.699—10. If numbers are set on the N or on
the 1/Ny scale, the decimal point is at the right of the first digic read on the
Co. scale. However, it is useful to read as though it was on the left, then mulri-
ply by 10 and subtract 10. Thus, read 8699 and rewrite 8.699—10.

EXAMPLES:

(aj Find colog [.71. Set hairline on 1.71 on scale Ny, read 767 on Co.
scale. Refer to the right end of the scale, where the symbol 9.Co—10 is
printed. This helps to show that the complete cologarithm of 171 is
9.767—10.

(b) Find colog 1.128. Set hairline on 1.128 on N scale, glance ar right
end of the scale, and write 9.9___—10. Read 477 on Co. scale under the hair-
line, and enter these figures on the blanks. Thus, colog 1.128 — 9.947/-10.
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The logarithms for all numbers on the scales 1/Ny, 1/N., etc. are negative,
Thus logyy .50 = —.301. If the logarithm is to be expressed with a positive
mantissa, the Co. scale is used. Glance art the right end of the scales, and write
down the symbol at the end, replacing the "Co.” by the reading of the Co. scale.

EXAMPLES:

(a) Find log .50. Set hairline on .50 of 1/Ny scale. Write 9. —10, and
read 699 on Co. scale. Then log .50 = 9.699—10.

(b) Find log .006. Set hairline on .006 on 1/N,. Read .778 on Co. scale,

Multiply by 10 and subtrace 10. log .006 = 7.78—10; approximarely.

(c) Find log 9952, Set hairline on 9952 on 1/N; scale. Write 9.99.__—10.
Read 792 on Co. scale, and enter these figures after the 9, obtaining
9.99792-10.

(d) Similarly, log .005 = —2.301 = 7.699-10, and log .945 = —0.0246
= 0.0754—10.

From a table of iogarichms, log .997 = 9.99870 — 10 and log .9997 ==
9.999870-10; that is, the insertion of an extra 9 between the decimal point
and the original number yields a logarithm which also has an extra 9 in the
same place. Consequently, the left part of the 1/N| scale can also be used for
numbers which have three U's to the right of the decimal point followed by
other digits. The logarithms of these numbers, written in the form 9.__—10,
have three 9's following the decimal point, foliowed by the reading of the Co.
scale. Thus, log 9991 = 9.99961 — 10, approximately, Ther cologarithms have
an extra zero to the righe of the decimal point. Their reciprocals, read on scale
N, also have an extra zero. Thus, if N, = .9994, log N} = 9.99974 — 10 =
—.00026, and 1/N; — 1.000603.

FINDING POWERS OF e

Powers of e are easily found by using the Log Log scales. Since if m =
loge N, then by definition e™ = N, the process is the reverse of finding the
logarithm.

Verify the following examples by use of the slide rule.

oo i

Scale for Scale for
Ex. Problem Exponent Power Power
(a) o3 DF/M 20.1 N,
(b) 0.29 DE/M 1.284 Ns
(© 0,081 DF/M 1.0844 N
(d) —2.0 DF/M 0.135 1/Na
(e) —0.20 DE/M 0.819 1/N,
(f) .—0.020 DF/M 0.9802 1/N,
(g) «—0.002 - 0.998 1.000-.002
(k) o> DF/M 148. N,
(i) 8.35 DF/M 4230. N,
() 3.4 DF/M 0.0334 1/N;

£541

Rule: To find a power of e, set the indicator over the exponent on the
DF/M scale, and read the corresponding value of the Log Log scale. The
appropriate scale is found by using the rules for the decimal point in the
logarithm.

FINDING POWERS OF ANY BASE

The Log Log scales may be used to find any power of any base. Since roots
may be expressed by exponents that are fractions in decimal form, the Log Log
scales may also be used to find any root of a positive number. These statements
are, of course, subject to cettain restrictions which are of minor importance
in practical work.

The problem is to compute N =hb™ when & and » are known numbers. The
genetal method is given by the following rule,

Rule: To find b™, when m>>0 set the index of an ordinary logarithmic scale
oni the slide (C, CF,) opposite # on a Log Log scale. Move the indicator to m
of the ordinaty logarithmic scale, and read #™ under the hairline on the Log
Log scale.

Z H\IIHHIH
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Fig. 19

Example: To find N=1.3%? set the index of the C scale over 1.3 of the Log
Log scale. Move the indicator haitline over 2.2 of the C scale. Read 1.78 on the
Log Log scale.

The rule is based on mathematical theory which may be illustrated as follows:
Given N=1.3" take logarithms of both sides. Then log. N=2.2 log. 1.3.

To compute the right member, take logarithms of both sides again. Then
logy log, N=log,, 2.24 logy, log. 1.3.

The graduation at 1.3 of a Log Log scale of the slide rule represents a length
from the left index that is propoftional to 2.2. The lengths are added on the
slide rule. The graduation on the Log Log scale ar the sum represents N.

Since the method is simple, the main difficulty is to decide on which Log Log
scale to read the result. The following principles will be helpful:

1} Remember that the Log Log scales for numbers greater than 1 are really
sections of a single continuous sczle, They could be arranged end-to-end on a
long slide rule, with repeared lengihs of D scale opposite them.

| Ny N: | Ns ) Ny

|
! D | D ! D ' D
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~ Similarly, the Log Log scales for numbers Jess than 1 are really secticns of a
single scale. They also could be arranged end-to-end on a long slide rule,

2) Think of the scales arranged end-to-end

greater than 1, then N = b™ would be to the righr of 4.

positive but Jess than 1, then N =

N, - N.

ol

as above. If the exponent  is

: If the exponent »2 is
b* would be to the left of 4.

i Ny - Ny
1015 = 1.015 1015 - - 1,1605 LO15"™ = 443 | LOI3™ =
2,900,000
10033 1015 10252 LGOS 1.259 443 16 2900060 10,000,000,000
. | | | A
C ({ C C
5 i |
M1 M=10 M=100 M= 1000
b=1.015 b=1015 b=1.015 b-:1.015
C E C c
Lo _ | | J
M =0.001 M=001 M= 0.1 M=1
b= 2,900,000, b= 2,900,000. b= 2,960,000, b= 2,900,000.
Fig. 21

Lq—— 1/N) ——l—— 1/N, | /N —w—--’-— /N —
995! H9sty 995me Dg5tetn
1 T T T
9977 995 077 A5 794 605 A0 0066 0000000001
C 4 o
| — L CI: (f
m= | m=10 m=100 m=~ 1000
b=.993 b=.951 b= 951 b=.951
C C
c .
L 1 I %
m=10.001 m=0,01! m=0.1 m=]1
b==.0066 b=.0066 b= 0066 b= 0066
Fig. 22
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3) Think of the scales arranged end-to-end as above. For any setting of the
indicator hairline, the reading on any section of the Log Log scale is the 10th
power of the reading on the adjacent section at its left. That is, moving one
scale section-length to the right has the effect of raising the number to the
10th power. Conversely, moving one section-length to the left has the effect of
taking the one-tenth power of the number.

Ex. Numbet Scale
1.015'=1.015 Ny
(1.015)¥=1.1605 N.

(a) (1.015)" = (1.1605)"" = 4.43 N,
(1.015)0 = (4.43)" = 2 .900,000. N,
2.900,000" = 2,900,000, N,
(2.900,000)"" = 4.43 Ny

(a) (2,900,000)°° = (4.43)"1 =1.1605 N
(2,900,000)"* - (1.1603) " = 1.015 N,
0.995'=0.995 1/N,

(b) (0.995)'° = 0951 1/N.
(0.995)°=(0.951) **==0.605 1/N,
{0.995)1°°°=(0.951)'°° =0.0066 i/N,
0.0066' —0.0066 1/N,

(b) {0.0066)°'=0.605 1/Ny
(0.0066) %% = (0.605)™' = 0.951 1/Ny
(0.0066)°%" — {0.951)°* =0.995 1/N,

Now (b™)*®=b'"m For example, (4.°%) =4 '%"°=4" Moving the
decimal point in the exponent one place to the right is equivalent to raising the
number to the 10th power, so that the power is on the adjacent scale to the right
(or below). Moving the decimal point two places moves the number on the
Log Log scale two sections, etc.

Moving the decimal point in the exponent one place to the Jef# has the effect

of moving the number on the Log Log scale one section to the left, {or above),
etc.

Raule: Imagine the decimal point is at the right of the first significant digit
of the exponent, and decide on which scale £ would then be found. Then look

to the "right” or "left” as many secrions as are needed to adjust the decimal
point to its true position.

Examples: (a) Find (1.03)°%. Set the left index of the C scale opposite
{1.03) of the Log Log scale. Move the indicator over 2 on the C scale. Observe
that (1.03)*=1.0609 is on the same section, and that (1.03)2°=1.806 is on
the adjacent or next section of the Log Log scale. Finally, (1.03)**°=370 is
on the second section beyond (1.03)%
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(b) Find 4% Set the index of the C scale opposite 4 of the Log Log scale.
Move the indicator over 5 on the C scale. Observe that 4° would be to the right
of 4 at 1024, and 4" is to the left of 4. In fact, 4°° = 4™ =/ 4 == 2. Then
4% is one scale length farther to the left, and is 1.0718 on the next scale.

On some models a small chart (shown below) has been provided on the slide
to help in deciding on which scale 5" is to be read. The left-hand parr is read
as follows. When the left index of the C scale is set over b of a Log Log scale,
and there-are 4 digits in m, chen b™ is found 3 scales below (if there are that
mazny on the rule). If there are 3 digits in m then b™ is found 2 scales below.
If there is 1 digit in m, then b™ is found 0 scales below (ie., on the same scale
as b). If there are 2 zeros in m, then b™ is found 3 scales above the one on which
b is located (if there are that many on the rule), etc.

LINDEX OF C ON b~ INDICATOR ON m~R |NDEX OF C ON

D'S NmORZSINm} OF ¢ SCALE [DIGITS INmORZS INm

432 1012 o™ THENFOUNDE 3 2 1T 0 | 2 3
3z14 SCALESRELOW] 3 2 | @
01 2 3 [SCALES ABOVE 0123
Fig. 23

Note that if it is necessary to use the right index of an ordinary logarithmic
scale opposite &, the value of 5™ is read onc scale to the lefs (or “below”) where
it would be if the left index could be used.

Examples:

" Problem " Direction Number of Sections
Ex. b =N from b from Scale of b Answer N
(a) Lpft Right 0 2.646
(b} 1.5%3 Lefe 1 1.225
(c) 1.0267° Right 1 2.32
(d) 2200 Left 0 1.267
(e) 5,518 Right 0 3.26
(f) 03'* Right 0 0.435
(g) 04° Right 0 0.16
(h) (.88%=° Left 0 0.96835
(1) 0.5°%°% Left | 0.9659
(j) 0.2%008 Lefc 2 0.9872

4) When the exponent is a negative number (m < o), the procedure depends
upon the type of scale arrangement that is available.

Rule. When the exponent is negative, use the same procedure as for positive
exponents, but read the final result on the reciprocal scale.

Examples; (Compare with examples (a) to (j) above)

[58]

(a') Find 1.57** Compute 1.5**, but instead of reading the result as 2.646
on N3, read .378 on ' /Ny the reciprocal scale.

(b*) L5 Compute 1.5", but instead of reading the result as 1.225 on
Nz, read 0.8165 on '/N; the reciprocal scale. Fig. 24

(f') Find 0.57"* Compute 0.5 as in example (f) above, but instead of
reading 0.435 on ' /Ny, read the resulr 2.3 on Ny the reciprocal scale,

1
N ¢ 12 125
N 9D el el e } a0 9.9C0.100)

S Yo atf ¥ nn b S
Fig. 24

PROBLEMS ANSWERS
1. 438 2000

2. 16317 1.348

3. 2.23007 1.060

4. 325%8 0.0018

5. 7340058 0.9822

6. 1.075-%° 0.7223

7. 8.5-007 0.795

ROOTS, AND COMMON FRACTIONAL EXPONENTS

There are two merbods of finding roots

This method uses the theory of exponents to express a root by using a
fractional exponent (e.g.=1/m}. This fraction can be divided out and the
result used as an exponent as described under finding powers. Thus /3=
(%) ¥ =3?° However, the CI scale does the division automatically, since
it gives reciprocals of numbers on the C scale.

Moreover, in some applied problems the formulas being used express the
exponent as a common fraction, and it is then more convenient to use the
CI scale.

__ '
Rule: To find \/b or b™ set the index of C scale on b on the Log Log
scale, move indicator to m on CI, read result on Log Log scale under hairline.

On rules of the Traditional Type, if the base b is less than 1, the CI scale
cannot be used. The exponent may, however, be found by ordinary division
and then set on the B scale.
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Examples:
1

{a) Find ‘\?8_5 or (8.5)*% Set left index of C scale over 8.5 on the
Log Log scale. Move hairline to 4.2 on CI scale, read 1.664 on the Log Log
scale under hairline.

1
(b} Find {3/0.964 or (0.964). B =(0.964)>*%. Set the index of the C
scale opposite 0.964 of the Log Log scale. Move the indicator over 3 on CL
Since 1/.03=133, approximately, the result is one scale section to the right of
the one on which 0.964 is set. Read the result as 0.295.

A second procedure treats roots as the inverse of powers.

m,— £
Rule: To find \/b, or b m set hairline over & on a Log Log scale, pull m
on the C scale under the hairline, read the result on the Log Log scale at the
index.

Examples:

s s
(a) Find~/63 ot (6.3) © _Set hairline over 6.3 on the Log Log scale, move
slide so 5 of the C scale is under hairline, read 1.445 under right index on the
Log Log scale.

(b) Find ~/0.56 or (0.56) T . Ser hairline over 0.56 on the Log Log
scale, move slide so 4 of C scale is under hairline, read 0.865 at left index of C
on the Log Log scale.

The proper scale on which to read the root may be determined by reversing
the methods used earlier for finding powers. By definition, {n/b_is a number
which raised to the m power produces 4, that is(%/b)™=b. Suppose 5>1,
and m>1; then \/b<band ¥b would be to the left of &, if the Log Log

scales were on one continuous line. In example (a) above, /63 or 1445 is
less than 6.3, and 1.445°=6.3. Although the reading on the Log Log scale, or

1.0373, is also less tlg%n_G_.S, it is the 50th root of 6.3, or {0/6.3. On the other
?ﬁnd’ the value of \/6.3 is to the right of 6.3 at about 40; observe that
\/6.3 or 6.3'*=6.3* is abour 40.

Examples:

(a) Find y= 4\07100. Set 4 of the C scale on 100 of the Log Log scale
and move indicator to the C index. Note that the 4th root would be abour 3,
the 40th root about 1.12 and the 400th root must be 1.0116.

_ 1
(b) Find 7005 or 0.05 & .Set 5 on the C scale over 0.05 on the Log Log
scale. At the index of the C scale read 0.9418 two scale sections to the left
{above).
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PROBLEMS ANSWERS
B
1. 65" 345
1
2. 34007 1.114
1
3. 1.606™° 1.0223
5.6
4- 7‘421’.9 47
42,
5. 1.3577°° 1.191
7.5
6. 1.0411°° 1.381

SOLVING EXPONENTIAL EQUATIONS:

The method of solving equations of the type b*=N, whete b and N are
known and m is unknown, is very similar to the process of finding b™—N
when m is known and N unknown. (See Finding Powers, above.)

Rule: Set the index of the C scale (or CF scale) on b. Move the hairline
to N on a Log Log scale. Read m under the hairline on the C scale (or CF
scale, if it was used ).

Examples:

(a) Solve 1.37m=843, Set the index of the C scale opposite 1.37 of the
Log Log scale. Move the hairline to 8.43 on the Log Log scale. Read 6.77 on
the C scale under the hairline. It should be observed that 8.43 is greater than
1.37 and is to the right of 1.37 on the Log Log scale. Hence the exponent m
must be larger than 1. The exponent 67.7 would obviously be too large, and
it follows that the decimal point must be to the right of the 6 as in 6.77

(b) Solve (0.75)x=0.872. Ser the index of the C scale opposite 0.75 of
the Log Log scale. Move the hairline to 872 on the Log Log scale. Read 476
on the C scale under the hairline. Ohserve thar 0.872 is to the lefr of 0.79, so
the exponent is less than 1. The number 872 is one scale above (to the left)
of .75 so the decimal point must be at the left of the 4.

(¢) Solve for y if (0.94)y=237.

Ni 5
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Ser the left index of -he C scale opposite .94 on the Log Log scale. Move
the indicator to 2.37 on the Log Log scale. Read 13.9 on the C scale. (The use
of a folded C scale, such as CF, is convenient in this example.) Observe that
in this example 0.94 is less than 1 and 237 is greater than 1. Hence the ex-
ponent y must be a negative number. The reciprocal of 0.94 1s about 1.064,
and 2.37 is one scale section to the right. Hence y = —13.9.

(d) Solve for p if (5.27)P=0818.

Set the index of the C scale at 5.27 of the Log Log scale, Move the indicator
to 0.818 on the Log Log scale. Read 1209 on the C scale. Note that 5.272>1
and 0.818<C1, so the exponent is a negative number. The reciprocal of 0.818
% ahoue 1.222, and since this is less than 5.27 the numerical value of the ex-
ponent must be less than 1. Hence p = — 0.1209.

It is useful to notice thar when powers are being found, the logarithmic
solution may often be directly observed on the C and DD scales. As a simple
example, consider finding x = 2°. Then log x = 3 log 2. When the left index
of the C scale is set on 2 of the N scale, the logarithm of 2, or .301, is visible
on the D scale under the index of the C scale. When the haitline is moved to
3 on the C scale, one may think of this operation as multiplying .301 by 3 by
use of the C and D scales. The resulr is 903, read on the D scale, and this in
turn is the logarithm of 8, read below it on the Ny scale.

PROBLEMS ANSWERS
1. 4x==3.75 x=0.953
2. 963x=0.823 x=517
3. 5.25x=10141 x-=0.00844
4. 211x=11,000 x=12.46
5. 3.04x=085 x=--146
6. 1.475x=0.015 x—=—10.8
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READINGS BEYOND THE SCALES

Occasionally there is need to compute an expression which involves values
not on the scales. To compute £ for 4 less than 1.0023, note that by rthe bi-
nomial expansion (1-bay) 5 =14 mx+ ..., and if xy is sufficiently small
these first two terms will give a good approximarion.

1

From the theory of series it is known that log, (1+x) =x—x*/2+x" /34
When x is small, say x < 00025, we may take log, (1 x)=x, Hence for
such values of x the logarithm to base . may be set or read directly on DF/M.
Moreover, for x small, log,y 1+x)=04343 x, and hence if x is ser on
DF/M, log,s (1+x) will be found on D under the hairline. Thus log,
1.000603 = 0.000603, and log,, 1.000603=0.000262.

Examples:

(a) Find (1.0004)*". Since 1.0004 cannot be set on the scales, compute
1+ (27) (0004) == 1.00108, approximately.

The result can also be found easily by the following method. Set the left
index of the C scale under 4 on DE/M, move the indicator over 27 on C, read
108 on DF/M. That is log. (1.0004)*7=27 (0.0004=0.00108. Hence
(1.004)*7=1.00108.

(b) Find 53™°""" Although 53 can be set, the result cannot be read on the

0.00008 0.2
scales. Write the expression in the equivalent form [53 0 ]:f53°'”°4) ooR

The expression in brackets is found in the usual manner to be 1.016. Then
(L016)"*=1 + 0.02 X 0.016 = 1.0003, approximately.

(c) Find 30°. The usual setting leads to a result beyond the Ny scale. Write
the expression 5° X 6" Now 5° — 3.9 X 10°, approximately, and 6"=
1.7 X 10% approximately. Hence 30° = 39 X 10° X 1.7 X 10° = 39
> L7 X WY = 6.6 X 10" Moreover, note 30* — 30% % 30* = §.1
HO10P X8 X 107 == 66 W 10" - 6.6 % 10 , approximatcly. Thus,
by breaking up the expressions into factors, and computing each separatcly,
the approximate results are obtainable. These results are also readily chrained
by logarithms.

Also, it may be noted that if greater accuracy is desired in the logarithms of
any numbers set on the N, scale to the right of 107, these numbers may be set
on the scale above (the Ny scale), and the sequence of digits in the mantissa
read from the D scale. The characteristic is given by the primary scale division
at the left of the setting on the N, scale. Thus, to find the logarithm of
2,430,000, or 2.43 > 10° note that this number could be ser on N, between
10% and 107. Set the hairline over 2.43 on N, and read 385 on the D scale.
Then, log 2,430,000 = 6.385, approximately.

The logarithms of numbers on the 1/N, scale between 107 and 107" may
also be obtained in this way. Thus, to find log 000000437, or log 4.37 < 107,
set 437 on the N, scale and read 640 on the D scale.
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3. The formula y = —

ILLUSTRATIVE APPLIED PROBLEMSY

1. A volume of 1.2 cu. ft. of air at 60° F {or 520° zhsoluce} and atmo-

spheric pressute (14.7 Ibs./sq. 1n.), 1s compressed adiabatically to a
pressure of 70 Ibs./sq. in. What is the final volume and final temper-

ature?
ERAT ;

(2) Compute: V = 1.2(?6—) Ans. 0.394 cu. ft.
Set 70 on C opposite 14.7 on D, read .21 on D under the C— index.
By means of the hairline, transfer 21 to the 1/Nj scale, and pull
the right index under the haithne. Move hairline to 1.4 on Cl,
read .328 on 1/N; under the hairline. Multiply 1.2 X .328 by the
C and D scales, reading .394 on the D scale.

70\

(b) Compute: T = 520( )” Ans. 812° Absolute or 352°F.

14.7
Divide 70 by 14.7, and sec the result, 4.76, under the hairline on
Ni. Move right index of the C scale under the hairline, then move
hairline over 0.4 on the C scale, then pull the slide so 1.4 of the C
scale is under the hairline. Read 1.564 on Ni. Multiply this by
520, obuaimng 812, the final temperature in degrees absolute.
Subtract 460° to obtain 352°F.

. (a} Find the compound amount on an investment of $1200 at 3w
compounded annually for 20 years. The formula 1s A = P(1+1),
or, in this example, 4 = 1200(1.035)%%. Set left index of the C
scale on 1.035 on Na. Move hairline over 20 on the C scale, read
1.99 on N3 Multply this by 1200, obtaining $2390, approxi-
mately.

(b) In how many years does money double itself at +.29, compounded
annually? This problem requires finding # in the expression
(1.042)"= 2. Set the left index of the C-scale over 1.042 on Na,
move the hairline over 2 on Nj, read 17 years, approximately, on
the C scale under the hairline.

] ﬁ;ﬁ is the so-called “logistic of population.”
For the United States, the time # (s measured in years from 1780, From
studies by the statistician Hotelling, 2 = 0.0313, 4/ = 64.5, £ = 195.9
(millicns). Estimate the population for the year 1960 when the value
of t will be 180).

195.9
] + {.)‘1‘.5 x e 0.0315> 180

First compute —.0315X180= —5.65. Set the hairline over 5.63
on DF/M, read .0035 on 1/N; Multiply this by 64.5, obtaining
225, approximately. Add 1, and then divide 195.9 by 1.225,
obtaining 160 {million} approximately, as the estimated popula-
tion for 1960.

Here y =

[641]

PARYT 5 —PROBLEMS AND ANSWERS

1. 143 X 0.387 2. 29.8 X 487
4. 189 X 132.X 0481 5. 79.1 X 3.62 X 5.55
7. 832641 8. 1635--802
10. 643 X 8.12 11. 1195 X 9.12
5.91 3.40 X .0202
13.7 _32 14. 281 _ x
9 x 602 811
16. 1+343 17. 1/9.07
19. \/834 20. \/ 0344
22. (181)* 23, (60.7)*
25. 248 26. V248
28. (1.63)° 29. (3.825)°
31. sin 22.5° 32, 1.57 X sin 3.48°
34, cos 66° 35. tan 19.2°
37. \/183sin 262°  38. \/sin 36.1°/37.6
40. sin 13.5°=sin 32.4° 41. sin21.4° =sir|6°
18 x 98.0 x
43, (1.352)* 44, (281)*™
46. (.693)** 47, (.237)°
49, ¢'° 50, &°*
5, g 53. (1.054) -7
55. ¢-° 56, e- '
58. (1.084) 75 59. (42.2)7%
61. log 1.00291 62. log 1.0448
64. log 99652 65. log 863
67. log. 1.00291 68. log. 1.06

EXERCISES FOR PRACTICE
(Answers by slide rule on page 66).
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3.
6.
9.
12.

15.

18.
21.
24.
27.
30.
33.
36.

39.

42.

45,

48,
51.
54.
57.
60.
63.
66.
69.

0642 X B0.6

0.0427 X 91.4 X 169

407+13.%

7.75 X 0414
191 X 6.83

132 65

x 18
1/.055
\/34800
(5.9)* X 13.
¥248
(58.3)°
96.2 sin 72°
tan 69.7°

¥ian 16.1°

24.7 sin 28.2°
sin 42.7°

(1.031)°
(:9943)™
e‘.DOS

( .523) ~-278
e- 082
(1.009)5%
log 1.414
log 0042

log. 2.5




ANSWERS

1. 553 - 2. 145.0. 3. 5.17.
5. 1589, 6. 659, 7. 1298.
9. 3.05. 10. 883, 11. 1583,
13. 4.12. 14. 3.79. 15. 47.7.
17. .1102. 18. 18. 19, 2.888.
21. 234, 22, 3.28. 23, 3690.
25. 1354, 26. 2.920. 27. 6.241.
29. 56.0. 30. 198,000. 31. 384.
33. 914. 34, 407. 35. .348.
37. 2.844. 38, 1252, 39. .661.
41. 280. 42, 17.2. 43. 334
45. 1.00612. 46. 0416. 47. .9576.
49. 3.31. 50. 1.35. 51, 1.003.
53. .9637. 54. 182 55. 0.0275.
57. 0.921. 58. 1.146, 59. 5.02.
61. 0.00126. 62. 0.0191. 63. .1505.
65. 9.9361-10. 66. 7.62-10. 67. .0029.
69. .916.
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12
16.
20,
24,
28.
32,
36,
40.
44.
48.
52.
56.
60.
64.
68,

. 120,

. 2.038.

0.0246.
0.0292
586.
453,
4325.
0.0954.
2.70+.
413.
50.8.
158.
063.
0.659.
1.0213.

9.99849—10.

0.0584.

PART 6. HYPERBOLIC FUNCTIONS OF
REAL VARIABLES

Hyperbolic functions are found useful in the application of mathemarics

to varied types of problems, and in particular, to preblems in electrical en-
gineering. Computations invelving these funcrons are readily perfermed on
the Mode] 4 slide rule which has special scales for this purpose,

The most important hyperbolic functions may be defined as follows,

Let x be any real number and ¢ the base of Napietian logarithms. Then:

er — ¢ T

5 = sinh x ("'the hyperbolic sine of x};
er e .

5 = cosh x (“the hyperbolic cosine of x);
P )
g b tanh x ('the hyperbolic tangent of x").

EVALUATING THE FUNCTIONS
The Hyperbolic Sine

The scales marked Sh on the slide represent values of x ranging from
x = 0.10 to x = 3.0, approximarely. The two scales may be viewed as
one continuous scale which has been cut in half with the nght hand por-
tion placed below the left portion.

Rule: When the indicator is set over x on an Sh scale, the correspond-
ing value of sinh x is on the C scale under the hairline, and conversely.
If the C and D scales coincide, sinh x may also be read on the D scale.
If x is found on the «pper Sh scale, the decimal point is at the left of the
number as read on the C scale. In other words, 0.1 £ sinhx = 1. If x
is found on the lower Sh scale, the decimal point is at the right of the first
digit read on the C scale. In other words, 1.0 = sinh x £ 10.0.

EXAMPLES:

(a) Find sinh 0.116. Set hairline over 0.116 on the upper Sh scale. Read
0.1163 on the C scale (or D scale when the indices coincide).

Verify that: sinh 0.274 = 0.277; sinh 0.543 = 0.570; sinh 0.951 = 1.100;
sinh 1.425 = 1.960; sinh 2.84 = 8353

(b) Find x if sinh x = 0.425. Set hairline of indicator over 0.425 on the
C scale, read 0.413 on the upper Sh scale.

Verify that if sinh x = 6.38, then x = 2.552.

The Hyperbolic Tangent.

The scale marked Th on the slide represents values of x ranging from
x=10tw0x =3.0.

Rule: When the indicator is set over ¥ on the Th scale, the cgrrespond-
ing value of taph x is oo the C scale under the hairline. The decimal
point is at the [eft of the number as read on the C scale. In other words,
the approximate limits are 0.1 = tanh x £ 1.0. For values of x greater
than 3, rtach x = 1.000 to a close approximation; the error is less than
one-hzalfl of 1% and decreases rapidly.
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EXAMPLES:

(a) Find tanh 0.176. Set the indicator over (.176 on the Th scale, read
0.174 on the C scale.

Verify that: tanh 0.236 = 0.232; tanh 0.528 = 0.484; ranh 1.145= 0.816

(b) Find x if tanh x = 0.372. Set indicator over 0.372 on the C scale.
Read x =0.391 on the Th scale.

The Hyperbolic Cosine.

No special scale for the hyperbolic cosine is needed. From the defini-
tions, tanh x = (sinh x)/{cosh x), and hence cosh x = (sinh x)/tanh x.
This suggests the following rule:

Rule: With C and ID indices coinciding, set indicator over x on the Sh

scale. Move slide until x on the Th scale is under the hairline. Read
cosh x on the D scale under the C index.

It will be observed that the first step in this rule sets the value of sinh x
on the D scale. The second step sets the value of tanh x on the C scale in
position for the division. The result of the division is then tead on the D
scale. Viewed in another way, sinh x may be muitiplied by 1/tanh x.
This reciprocal is automatically set on the CI scale in the second step of
the rule above. For all values of x on the Sh scale, 1 < cosh x £ 10.06.

EXAMPLES:

(a) Find cosh 0.240. With the € and D scales coinciding, set the hairline
over 0.240 on the upper Sh scale. Move the slide until 0.240 on Th is under
the hairline. Read cosh 0.240 = 1.029 on the D scale at the C index.

(b) Find cosh 1.62. With C and D scales coinciding, set the hairline on
1.62 on the lower Sh scale. Move the slide until 1.62 on Th is under the
hairline. Read cosh 1.62 = 2.63 on the D scale at the C index.

It follows from the definitions that cosh? x — sinh? x = 1, and hence
sinh x =+/cosh? x — 1. If the value of cosh x is given, and x is to be

found, this formula may be used to convert the preblem to the correspond-
ing case for the hyperbolic sine.

ExXAMPLE:

Given cosh x = 1.31, find x. Sincesinhx =v/1.312 — 1 =/1.716 — 1

=/0.716 = 0.846, when the hairline is set on 0.846 of the C scale, x = .768
may be read on the upper Sh scale, ‘

COMPUTATIONS INVOLVYING HYPERBOLIC FUNCTIONS

Computations involving hyperbolic functions are easily performed by
usual methods (e.g., use of the C and D scales) by setting the values of
the functions on the appropriate scales.

EXAMPLES:

(a) Find y = 24.6 sinh 0.35. Set the left index of the C scale opposite
24.6 on the D scale. Move indicator to 0.35 on the upper Sh scale, Read
y = 8.79 on the D scale under the hairline.

(b) Find y = 86.4 tanh 0.416. Set the right index of C on 86.4 of D.
Move indicator to 0.416 on Th. Read y = 34.0 on D> under the hairline.
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{c) Find y = 77.3 cosh 1.26. In this case, it is best to set cosh 1.26 first.
With € and D scales coinciding, set indicator on 1.26 of Sh. Move slide
so that 1.26 of Th is under the hairline. Maove indicator to 77.3 of the C
scale. Read y = 147. on D).

(d) Compure 17.95inh 0.317 X sin 22°. With Cand D indices coinciding,
set indicator on 0.317 of the upper Sh scale. Turn rule over and move slide
so the right index of the C scale 1s under hairline. Move indicator to 22°
on the § scale. Pull siide until 179 of the CI scale is under hairhne. Read
2161 on D scale under the C index. The decimal point is found by noting
that, approximately, sinh 0.317 = 0.3.5in 22° = 4, and hence sinh (.317 X
sin 22° s about (112 or %. Then 17.9 X %4 is about 2. Hence the result
15 2.161.

Other Hyperbolic Funciions

By definition, the following relations hold:

1/tanh x = coth x {"the hyperbolic cotangent of x")

1/cosh x = sech x {“the hyperbolic secant of x"')

1/sinh x = csch x (“'the hyperbolic cosecant of x™').
Since the values of these three additional functions are the reciprocals of
funcrions discussed earlier, coth x and csch x may be read directly on the
CI scale. After cosh x has been set on the D scale, sech x may be read on
the DI scate on the front side of the rule, or if the indices coincide, on the
CI scale of either side.

EXAMPLES:

Verify that coth 0.9 = 2.2, csch 049 = 1.96, sech 0.49 = 0.891.
LARGE AND SMALL VALUES OF THE ARGUMENT

For values of x greater than 3, both sinh x and cosh x are approximately
equal to ¢°/2. Hence, if x is set on DEF/,,, then ¢ may be read on N, and
divided by 2 mentally. As noted above, tanh x in this case is approximarelyl.

For small values of the argument x, the hyperbolic sine 1s approx-
imately equal to x. Consequently, in compurations involving sinh x for
x < 0.10, no special scales are needed. The value of x may be set directly
on a C or D or other appropriate scale and the compuration continued.
The same is true of the hyperbolic tangent. Moreover, the hyperbolic
cosine for x< (.10 is approximately equal to 1.

In evaluating hyperbolic funcrions of complex arguments, values of the
circular sine and tangent less than 0.57° are sometimes needed. Although
these values can be found by use of the special graduations for this purpose,
it is usually more convenient to read the ST scale as though the decimal
point were at the left of the numbers printed, and to read the C {or D, CI,
DI, cic.) scale with the decimal point one place to the left of where it
would normally be. Thus, sin 0.2° = 0.00349; tan 0.16% = (100279, read
on the C scale.

EXAMPLES:

(a) Find ‘\/sinh 0.073. Set the indicator over 73 on the 1> scale of the
front side of the rule. Read 0.27 on the uppet square rooc scale. Then
V/sinh 0.073 = 0.27.

{b) Find log tanh 0.06. Set indicaror over .06 on scale 1/Ny. Read
—1.222 on the D scale, or 8.778 —10 on the Co scale,
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PART 7. HYPERBOLIC FUNCTIONS OF
COMPLEX ARGUMENTS

The definitions of the hyperbolic functions may easily be extended to
include cases in which the independent variables, or arguments. are com-
plex numbers. Let z represent any complex number x + jy, where x and y
are real numbers. Then:

g — g2 i + e F gz — ¢t

= sinh z = cosh z, ——— = tanh z.
2 : 2 P et o2

By use of the definitions and the formula ¢ = cos z 4 7 sin z the follow-
ing relations may be verified:
(1) (efr — e7)/2f = sin z; (¢ + ¢ /7)/2 = cos z
(2) sinh z = - sinh (—z) = —fsin fz
(3) cosh z = cosh {— z) = cos jz
(4) sinh jz = jsin 2
(5) cosh jz = cos z
(6) cosh? z — sinh? z = 1
(7) sinh z = sinh (x + f) = sinh x cosh jy + cosh x sinh jy
= sinh x cos y + f cosh xsin ¥
cosh (x + sy) = cosh x cosh jy + sinh x sinh jy
= cosh x cos y + j sinh x sin y
(9 tanh z = tanh (x + j3) = sinh (x + jy)/cosh (x + f)
(10) sin z = sin (x + 7y) = sin x cosh y +7 cos x sinh y
cos z = cos (x + fy) = cos x cosh y — j sin’x sinh y

il

(8) cosh z

(11) sinh { - z) = — sinh z
cosh ( — z) = cosh z
canh { — z) = — tanh z

For particular values of z each of these functions is, in general, a complex
number which may be regarded as a vector expressible in either the com-
ponent form or in exponential form, p /6.

Sometimes the complex number z is given in exponential or polar form
p/ 8, for example, sinh p/@, or in particular, sinh 2.4/15°. In this case z

may be expressed in the form x + jy by means of the relations x = p cos 4,
y = p sin 8. Thus sinh 2.4£ =sinh (2.315 + ;7 0.622)

CHANGING SINH Z FROM COMPONENT TO
EXPONENTIAL FORM

By formula (7) above, the complex number or vector
sinh z = sinh x cos y +  cosh x sin y

is expressed in component form. If, for simplicity, # and ¢ ate defined by
the formulas
# = sinh x cos y
v = cosh x sin y,
then sinh z = « + jv.
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A geometric representation of this complex number may be made by
means of a #-axis of real numbers and a z-axis of pure imaginaries. The
polar coordinates (p, §) have their usual meanings.

2 -
=
B
w .
P % (Fig. 26}
%
W
g
-

o OL sinh x cos y

Methods of changing to the polar form p/§ by use of the slide rule will

now be explained. First; it should be noted that the real number y may be
expressed in either radians or angular degrees. Since the graduations on the
S and T scales are in terms of degrees, this measure is more convenient.
A value of y given in radian measure should therefore first be converted to
angular degrées.
To recall the formula for sinh z readily, notice the following analogies:

For real variables,

sinh (x + y) = sinh x cosh y + cosh x sinh y
is similar in form to

sin (x + y) = sin x cos y 4 cos xsin y.

For the complex variable,

sinh (x + jy) = sinh x cos y + f cosh x ain y,
there are formal similarities, but the operator j serves to replace the
functions of y by ordinary crewlar functions. Thus, x is always associated
with hyperbolic functions, while y is assoctated with circular functions.
The following relations (See Figl26)are basic to the computations:

v cosh xsiny tan y

I (a) tan § = % sinhxcosy tanhx

(b) 5 @x’cosy

cos 8

Observe that the ratio for tan § involves a function of y divided by a
function of x, and is thus analogous to tan # = y x for circular functions.
Finding p for sinh (x—+f¥)

Although it is usually better to find 8 first, the explanations are long.
The exposition is simplified by first considering a method of finding »
assuming § is known. If 8 has been found first the value of p may be com-
puted by the following rule, based on formula I (b).

Rule for p: With C and D indices coinciding

first, set the hairline over x on an Sh scale, and turn the rule over;
second, move the slide until 8 on the S scale (read from right to left
for the cosine) is under the hairline;

third, move the baitline to y on the S scale (read from right to left};
read p on the D scale under the hairline.

£71]




Note that the frst step sets sinh x on the C scale, the secong step divides
this by cos 6, and the third step multiplies by cos y. All the operations are
actually done on the C and D scales, but only the final result needs to be
read on D. The values of sinh x, cos y, and cos § are automatically set.

EXAMPLES:

(a} Find p for sinh (.48 + 7 17°), given that # = 34.4°. With C and D
indices together, set haitline over x = 0.48 on Sh. Move slide uncil 34.4
on § (reading from right to left) is under hairline. Move indicator to 17
on 8 (reading from right to left). Read p = 0.578 on D under hairline.

(b) Find p for sinh (1.4 + 7 40°), given that # = 43.4°>. With indices
together, set indicator over 1.4 on Sh. Move slide until 43.4 on S (reading
right to left) is under hairline, Move indicator to 40 on $ (right to left),
Read p = 2.01 on D under hairline.

(¢) Find p for sink (0.73 + 72.2°), given # = 3.53°. With Cand D indices
together, set hairline over x = 0.73 on Sh. The settings for cos 3.53 and
cos 2.2 are so near the right end of the slide that practically no change from
the original setting is observable. In other words, for y = 2.2°, the value
of v = cosh x sin y is near zero. The value of cos y is near 1, and p is ap-
proximately equal to » = sinh 0.73. Hence p = 0.797.

Finding 0

The ratio of the "pute imaginary’” component to the real component
determines the tangent of 6, and hence 4, as shown in formula I (a). The
general rule is as follows.

Rule for 6: To find 4 for sinh (x + f¥) in the form p/6:
ficst, with C and D indices together, set hairline over y on a T scale;
second, move slide until x on Th is under hairline;
third, move indicator 1o C index;
fourth, move slide until C and D indices are together. Read 8 on
a T scaie under the hairline.

The determination of the T scale on which @ is to be read depends upon
the decimal point in the value of tan 8. This value may be noted on the
D scale at the C index. However, to determine the decimal point, it is
well to make a mental note of the approximate values of tan y and tanh x
as they are set. By taking only the first digit, a mental computation easily
gives the decimal point in the value of tan 6.

The following cases may arise.

Rule:
(1) If0.01 < tan ¥ = 0.1, then 0.573° < § < 5.71° on ST
(ii) If 0.1 < tan § < 1.0, then 5.71° < # < 45° on upper T

(i) If 1.0 < tan 0 < 10.0, then 4%° < # = 84.3° on lower T

The following cases may also occasionally occur;

{iv) If 10.0 < tan 6, then 84.3° < # < 90°. Since tan ¢ = cot 8,
where ¢ = 90 — §, the angle » may be read on the ST scale
and then 8 = 90 — .

(VI 0= twand s 0.01,then 0 5 # 5 0.573°. Read angle on ST,
and divide by 10; that is, move decimal point one place to left
of ST reading.
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Step one sets the value of ran y on the D scale. Step two automatically
sets the value of tanh x on the C scale for the division. The quotient is
on the D scale at the C index. Since this is the value of tan 8, when the
indices are brought together in step four the value of # on a T scale is under
the hairline. If desired, the following can be substituted for steps three
and four above,

Thitd, read D scale ac C index and move indicator over this value on C.

Fourth, read 8 on a T scale under the hairline.

Although these last two rules may appear easier to use than the others, it
should be remembered that to start finding p by the rule given earlier the
indices must be together. Thus, the rule as originally given ends with the
slide in position to begin finding p. Other methods are given later.

Since tanh x < 1, it follows from the relation tan 8 = tan y/tanh x that
8 > yfor all values of y < 90°. Moreover, since tanh x— 1 as x becomes
Jarger, the difference § — y becomes smaller as x increases. These observa-
tions are sometimes useful as a rough check on 6. Thus, for sinh (1 + 775°)
the value of 8 is 78.45° (Note 78.45>73); for sinh (2 + f75°), 8 = 75.5°;
for sinh (1 4 /81°), 6 = 83.15°, and for sinh (2 + /81°), § = 81.34°.

Each of the following examples should be followed through several
times to gain familiarity with the method and to observe how quickly the
calculation can be completed when the details of the explanarion are
omiteed.

EXAMPLES: .

(a) Find 8 for sinh (0,48 4 7 17°). In this case, tan 6 = tan 17°/ tanh (.48,
Set the slide so that C and [ scales coincide. Move indicator to 17 on T.
Note on the ID scale that tan 17 is abour 0.3, Turn rule over and move slide
until x = 0.48 on Th is under hairline. Note on the C scale that tanh 0.48
is abour 0.4, and hence tan & is roughly 0.3/0.4 = % = .75 Actually, it is
0.683, read on the D scale at the C index. This is case {ii). Move the
indicator to the C index, bring the C and D indices together, and read

= 344 on the T scale under the haitline. The value of p = 0.578 was
found in Example (a) page72. Hence p /8 = 0.57% /34.4°,

(b} Find @ for sinh (0.75 + 7 2.2°). Here tan 6 = tan 2.2/tanh 0.73.
With C and D scales coinciding, set hairline over 2.2° on ST. Observe that
tan 2.2° = (.04, approximately. Turn rule over, and move slide 50 (.73 on
Th is under hairline. Note tanh 0.73 = 0.6 + on the C scale. Hence tan §
= 0.04/0.6 roughly, or 0.0616, which can be read on the DD scale at C
index. This is case (i). Move indicator to C-index, and bring indices to-
gether. Read 8 = 3.53° on 8T. The value of p was found in Example (¢)
page /2. Hence p /8 = 0.797 /3.53°,

{c) Find p /8 for sinh (0.55 + 7 1.5°). Make C and D indices coincide,
move hairline co 1.5° on ST. Note tan 1.5 is roughly 0.025 {on C or D).
Move slide so (1,35 on Th is under hairline. Note tanh (0.55) is 0.5 on C,
Hence tan 8 = 0.025/0.5, or tan § is about 0.05 {on D ar C index). This is
case (i}, Move indicator to C index, bring indices together, and read
6 = 3° on ST under hairline. In this case, p is approximately equal to
sinh 0.55, or p = 0.58, Hence p /8 = 0.58 /3"

{d) Find p /8 for sinh (0.19 + 7 4.2°). With C and D scales together, set
hairline on 4.2° of ST. Move slide so that 0.19 on Th is under hairline.
Observe that, roughly, 1an 8 = 0.07/0.19 or about 0.4. This is case (ii).
Move indicartor to C index, and bring indices of C and D to coincidence.
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Read # — 21.36° on T under hairline. Set hairline over 0.19 on Sh. Move
slide until 21.36° on § (read right o left) is under hairline. Move slide to
4.2° near right index of S. Read p == 0.201 on D under hairline, Hence sinh
(0.19 + j4.2°) = 0.201 /21.36°.

(¢) Find p /8 for sinh (0424 + j 38%). With C and D indices together
set hairline over 38° on T. Note tan 38 is about 0.8. Move slide uadil 0.424
on Th is under hairline. Note on C that tanh 0424 is about 0.4. Then tan

1.95 (on D at C index ). This is case (iii). Move indicator to index, bring
indices together, and read # = 62.88° on lower T. To find p, sct the value of
sinh 0.424 on D, move slide to bring cos 62.887 under hairline, move indicator
to cos 38° on S. Read p = 0.724 on D. Hence p/d — 0.724/62.88°,

{f) Find ¢ for sinh (031 + ;58°). With C and D scales together, set
indicator to 58° on T. Move slide until 0.31 of Th. is under hairline. Note
on D that tan # = 5.34. Meve indicator to righe C-index, then move slide so
¢ and I indices coincide, and read 4 = 79.37° on T, With C and D indices
together, set hairline on (.31 of Sh, pull slide unzil 7937 on § (read right to
left) is under hairline, move indicator to 58° on S (read righr to lefr), read
p — 0,905 on D. Hence, sinh (0.31 = j387) = 0905 /79.37°

(g) Find @ for sinh (0.31 + 4757 ). With C and D scales together, ser
indicator to 75° on T. Move slide so (.31 of Th. 18 under hairline, then move
hairline on left C-index.

Note that tan § = 12.4 on D. This is case {iv}. Since tot # is on the C scale
above the D index. read ¢ — 4.06° on ST. Hence # — 90° — 467 = 854°.
To find p, with indices together set x  0.31 on Sh, move slide until 4.6 on
ST is under hairline, then move indicator to 75° on § (read right to left).
Read p — 1.014 on D. Hence, p/f = 1.014 /85.4°.

(hy Find # for sinh (14 + 7 80" ;. With C and D scales together, set
hairline on 1.4 of Th. Move right C-index under hairline, then move indicator
o 80° on T. Move slide o bring indices together, and read # = 81.1 on T;
or note 6.4 under hairline on 131, and instcad of moving slide, move indicator
to 6.4 on Cl, then read ¢ on T. With indices together, divide sinh 1.4 by cos
81.1: multiply by cos 80; read p = 2.14. Hence /8 — 2.14 /81.1°,
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ALTERNATIVE METHODS FOR SINH Z

The alternative metheds of treating sinh z described below have certain
advanrages and also cerrain disadvantages. If the methods outlined above
are used, the following will serve as checks.

{1} The formulas » = sinh x cos y; v = cosh x sia y may be used to
compute % and ». Then sinh z = & + j» may be converred 1o exponential
form by ordinary vector methods. In this case, three major steps are
required.

EXAMPLE:
Forsinh (048 + j17%),2 = 0477, — 0327, 2 1 » = 0477 1 j0.527.
Using the method described in example (a), page 72,6 = 3447, p = 0.578.
{ii) The formula ] (a}, page 71, tan i = tan y/tanh x, saggests that # may
be obtained from the complex number.
(12) r 8 = tanh x +  tan y, although in general 7 is not equal to

p (See Fig. 27)
g

Fig. 27.
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Moreover, the relation
(13) p =+/sinh?® x + sin®y
suggests that p may be obtained from the complex number
(14) p/8, = sinh x + j sin y, where tan 6,= sin y¥/sinh x. It follows

cosh x
tand

from?l (a), page71, thatran ¢ = cos 3

Since, for all values of x 3 O and of y 2 0, (cosh x) > 1 and (cos y} < 1,
the ratio (tan #/tan 6,) > 1 and consequently ¢ > 6. From Fig. 2,
sinh x cosy tanh x
(15) cos 8 = ” S
and therefore p = r cosh x cos y. These results lead to the following
methods.

The value of p may be obtained from formula (14) by ordinary vector
methods and then § found by use of (15).
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EXAMPLE:

Let sinh (0.48 4 17°) = 5 /6. Then
p /0. = sinh 0.48 + j sin 17°
T = 0.4986 + 7 0.202
= 0.578 /30.4° (Note: §. = 304 < ).

This calculation is most readily carried out if the slide rule is equipped with
rwo indicators, With C and D indices together, ser one indicator on 0.48
on 3h, the other on 17° of 5. Move C index to the larger reading on C, read
8, = 30.4° on T under the haitline. Then move slide until 30.4° on § is
under this hairline. Read p on D at C index. Using formula (15), since p is
known, find 6 = 34.4°

(iti} The angle & may be found by ordinary vector methods from
formula (12), and then p found by I (b), page 71, or (15) as explained
eatlier.

EXAMPLE:

For sinh {0.48 + 7 17°), /6 = tanh 0.48 4/ ran 17°. With indices to-
gether, set right indicator on 0.48 of Th, and teft on 17° of T. Move C index
to larger reading, and read 6 = 34.4 under other hairline. Find p by regular
methods.

(iv) The value of p may be obtained from (13) and then 6 found by
use of (12} or (15).

In using any method, it is wise to give some attention to the approx-
imarte values being sec on the scales, and to the operations being performed
as suggested by the formulas. In the long run, it is probably best to adopt
one method and use it almost exclusively, rather than to invite confusion
and error by attempting a vatiety of methods.

CHANGING COSH Z FROM COMPONENT TO
FEXPONENTIAL FORM

By formula (8} above, the complex number or vector

cosh z = cosh x cos y + f sinh x sin y.

A "
- The geometric represen-
o tation is similar to that
i for sinh z. The follow-
p = Fg.2g ing relations are basic
e to the computations:
L]
li
é ®
> i
0| »=cosh x €os 3
e = .
v sinh x sin y b
= - = ————= = tanh x tan
11 (a) tan = = Coshxcosy Y
”b sinh xsin y
(b) P~ "sin 8

Note that [ (b) for sinh z expresses p in terms of sinh x and the cosines qu
and 8, while 1I {b) for cosh z expresses p in terms of sinh x and the snes
of y and 4. Note also that tan § above could be written tan y/coth x, but
that this form is less convenient for computation. It should be noticed
that, since (ranh x) < 1, it follows that § < y for the hyperbelic cosine.
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Finding p for Cosh (x + f).

Assume 8 has been found. The rule for p is the same as given earlier
{(page 71) for sinh z except the S scale is read from left so right for sines.

EXAMPLES:

{a} Find p for cosh (0.31 4 758%) if 8 = 25.7°. With C and D indices
together, set hairline on x = 0.31 of Sh. Move slide until 25.7° on § is under
hairline, then move indicator to 38° on S. Read p = 0.616 on D under
hairline.

{b) Find p for cosh (1.4 4 7 80%) if § = 78.7°. Ser sinh t.-+on D at 1904
Move slide so 78.7° on S is under hairline, then indicator to 80° on S.
Read p = 1.81 on ID. Notice that y and # are so nearly equal that che rano
of their sines is near I, and hence p (s approximately equal to sinh 1.4

Finding 8 for Cosh {x + jy}

Formula (TTa) shows that tan # can be found by a stmple multiplication
using the Th and T or ST scales with'the D scale. The rules for determin-
ing on which scale (T or ST) the angle 4 may be found are the same as
those given earlier (page 77). However, since tanh x < 1 and. for y < 45°,
tan y < 1, it follows that tan 8 < 1, and cases (i1} and (tv) cannot arise
for y < 45"

Rule for 0

With C and D indices together, set indicator on x of Th, Move
slide until an index of C (right or left as needed) is under hairline.
Move indicator to y on T {or ST). Bring indices together, and read
fon T or ST.

EXAMPLES:

(2) Find p and A for cosh (0.23 - §16°). Here tan 6 - tanh (0.23) ¥
(tan 16° ). With C and D indices together, set indicator over 0.23 on Th. Move
slide ¢ [eft C index is under hairline. Move indicator to 167 on T, Since tan
4= 1002) {(03) = 006, roughly, or, maore accurately, 0.0648, this is case
(i}),and § = 3.71° + is read on ST after the scales have heen made to coin-
cide. Now set indicator on 0.23 of Sh (about 0.23 on D), move slide until
3.717 on ST is under hairline (about 0.064 on C}. change indices and move
indicator to 16 on S (abour 0.276 on C), Read p = 099 on D). The decimal
point is determined by menzally calculacing 0.23/0.06, which'is about 4; then
4 3 0.276 is about 1. Hence the result cannot be either 0.099 or 9.9, and must
be 0.99. Thus. cosh'= (023 + 16 = 0.99 /3.71°.

{b) Find p and 8 for cosh (0.68 + 7407 Wich € and D indices together,
set v = (068 on Th. Note {roughly) 0.6 on D Tura rule over and mave
nght Cindex under hairline. Move indicator to #° on T. Nowe 0.8 + on C,
and the product (0.6) (0.8) = 0.4% on D. This is Case (). Bring indices
together and read 8 = 26.4° on T Set indicator over (165 on Sh. Move
shide until 26.4 on S is under hairline, (Note quortient sinh (1L.6%/sin 20.4°
is abour 1.63). Multiply by stn 40°; reading 1.06 on ID. Hence
e =106 /264

(<) Find p and # for cosh (0.2585 + /7 42%). Wich € and D indices to-
gether, set x = 0.285 on Th. Set nght C index under hairline, then move
indicator to 4.2° on ST. Nore 3 X .07 = 021, and henace this is case (1)
With scales coinciding, read 8 = 1165 on ST. Calculate p = LIH6,
Hence p 6 = 1.046 /11657,
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{d) Find p /8 for cosh (0.2 4+ / 1.3%). Note tan 0.2 is about 0.2; tan 1.3°
is about 0.02. Hence tan & is abour 0.004, on scale D. This is case (v},
When indices are together, read # = 0.257° on ST with decimal point moved
one place to the left. In this case, p = 1.02 approximartely.

(e} Find p. 8 for cosh {0.31 + 738°). With C and D indices together,
set hairline on x = 0.31 on Th. Note tanh x = 0.3, Move slide until left
C-index 1s under hairline, Move hairline over 38° on T. Note tan 38 =
16 onC and tand = 0.48 on D. This is case (ii). Bring scales to coin-
cide and read ¢ = 25.7° an T. Since p = 0.616 for this problem was
found 1n Example (a), page 77, p/8 = 0.616/25.7°. Notice §< yasa
very rough check.

(f) Find p_ 8 for cosh (1.4 4 7807}, Set tanh 1.4 on D. Notice the value
is about 0.9. To multiply by tan 80°, move slide so right index of Cis
over tanh 1.4 on D, then move mdmator over 80° on T. Notice tan 80°
is near 6 on C. Hence tan § = 5.02 on D. This s case (iii). Move C and
D index togcther and read § = 78.7%° on T. Note § < 2 Since p = 1.91
was found in Example (b), page 77, p/8 = 1.91 / Ji:N

{g) Find p _8 for cosh (2 4+ 787°). In this case, y > 84.3°. Hence
tan 87° = cot (H-87) = cot 3%, or 19.1 read on Cl opposite 3°0n ST. Thus
set tanh 2 on D, move slide so 3° on ST is over tanh 2 on D. Note at
C-index that tan § = 184, and this is case (iv). Read ¢ = 3.12° on ST
ar the D index, and thus 8 = 90—3.12 = 86.88° which is, as it should
be, lessdhan y = 87°, To find p, set sinh 2 = 3.63 on D. Since 4 and ¥

are approximately equal, it follows that p = 3.63 approximately. Hence
P8 =363 ,/86.9°

ALTERNATIVE METHODS FOR COSH Z

Other methods of computing p and § for cosh (x + jy) = « + jv are
briefly outlined below:
(1) Compute numerical values of # = cosh x cos yand » = sinh x sin .

Convert the complex number # + jv to exponential form by ordinary
vector methods.

(1) The formula {I1a) written in the form
{16) ran # = tanh x:cot y = tan y/coth x
suggests that § may be obtained from either of the complex numbers
(17) . /8 = coty + jranh x, or ry /8 = coth x + jran y. Although
in general r. :\: = p. Moreover, the relation

which may be verified by computing p = Ve? 4 o and using formula
(6), suggests that p may be found from the complex number

(19) p /8, = sinh x + fcos 3.
The 6, in this formula satisfies the relation
sin y
ash x

tan § = cot B, and p = r, cosh x sin y.
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EXERCISES FOR PRACTICE

By these and other possible formulas the problem may be reduced to one
which may be solved by ordinary vector methods as described earlier.

EXAMPLE:

Let cosh (031 + j387%) —pfl; then # = cosh 031 cos 58 - 0.556, ¢
—sinh (.31 sin 58° — 0.267. Hence # | jz — (0.016 + j25.77, by methods
described in example (¢}, page 19. 1f v, /8 = cot 387 |- juan 5031, with
the indices together ser cot 58% on DD by placing indicator over 327 on T.
Move right C index to hairline then move indicator to tan £ 0,31 — 0.3 on
C. Move hairline over 0.3 on Y and read 25.77 on T. Move slide so sin 25.7°
on S is under hairline, read r, —= 0.693 on D at C index. If p/f, — sinh 0.31
+ jcos 58°; set right index on C on cos 58° = 0.53. Move indicator to sin £
(.31 = 0.315 on C. Move hairline over 0.315 on D and read 4, = 30.7° on
T. Move slide so sin 30.7% on § is under hairline, read p = 0.616 on D at
C index.

CHANGING TANH Z FROM COMPONENT TO
EXPONENTIAL FORM

Although tanh (x + j3) can be expressed in the form of # + fr, the formulas
for # and z are not convenient for slide rule work. However, tanh z = sinh
z/cosh z is expressible as a quotient. I the complex numbers sinh z and cosh z
are expressed in the exponendal form.

sinh z = pi/fy, and cosh z = po/# thm
td.flh Z = (Pl/P-) ”_’Q] —7'()“
Rule for Tanh z.

Express sinh z in the form p,/6,.
Express cosh z in the form p,/8,.
Then tanh z = (p./p2) /O — 6.

EXAMPLES:
{a) Find p /4 for tanh (0.31 + [ 587). )
From Example (f), page74, sinh (031 j 38°) = 0.905 /79.37°
From Example (¢), page 78, cosh (031 -+ ;587 = (. 616 /7) 7°¢

e DYOS mg g e o
Hence tanh (0.31 -+ j 587) = TR /79370 = 25.7°

147 /53.67°
(b} Find p/# for tanh (1.4 4+ j 80~ ). - )
From Example (h), page74, sinh (1.4 - j80%) - 2.14 /81.17
4

From Example (), page 78, cosh (1.4 -+ j80%) = 191 /787
Hence tenh (1.4 + 4 80°) = '9f /81.1° —78.7°
S 112 /247
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ILLUSTRATIVE APPLIED PROBLEMS

1. Determine the “insettion loss™ caused by inserting a line between a
generator and a load using the formula

L Z.2.+7

I cosh ¥ + Z +Z) Zo sinh v/,
when Z, = 215 ohms, Z, = 420 ohms, / = 150 miles, Zy = 720/ —15°,
o = 0.00720 neper/mile, 3 = 0.0280 radian/mile, and v/ = ! {« + 78).

Firse find
v/ = 150 (0.00720 + 7 0.0280) = 1.08 + j4.20 = 1.08 + j 240.5°

Since cosh v/ is to be added to another complex expression, express it in
component form.
cosh (1.08 + f 240.5°) = cosh 1.08 cos 240.5° + / sinh 1.08 sin 240.5°
= — cosh 1.08 cos 60.5° — / sinh 1.08 sin 60.5°
With indices together, set indicator on 1.08 of Sh. Move stide until 1.08
on Th is under hairline. Exchange indices, and move haitline over 6(.5°
on S (reading right to left). Find 0.809 on D. Then set sinh 1.08 = 1.30 +
on che D scale and multiply by sin 60.5° using the S scale. Read 1.13 0n D.
Hence cosh {108 4 7 240.5°) = —0809 — 7 1.13.

As an [llustranon of another method of finding cosh (1.08 + 7240.5°),
take y = 240.5° — 180° = 60.5° set indices together and indicator over
1.08 on Th. Move slide until rlght index is under hairline. Move indicatot
to 60.5° on T. Observe that tan § = 1.4, bring indices rogether and read
54.5° on T under hairline. With indices together again set hairline on 1.08
of Sh. move slide until 54.5° on S is undet haitline, then move hairfine to
60.5° on 8. Read p = 1.393 on D under hairline. Hence

cosh (1.08 + 7 240.5°) = 1.393 /180° 4 54.5° = 1.393 /234.5°
0.809 — ;j1.13 +.

Next compute the coefficient of sinh /.
ZZ, 4 Zo® 215 x 420 + (720 / —15° )2
Zy (Z, + Z,) (215 + 420) 720 —15° ’

00,300 + 518,000 / —30°
T T 00 /150

90,300 + 449,000 — 7 259,000
B 457,000 ; — 15°

_ 839,000 — 5 259,000
T 457,000 / — 15°

_ 508,000 /—25.65°
357,000 —15°

1.308 / — 10.65°
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The coefficient just computed s to be rmﬂuphed by sitth ¥/, and hence
it is best to express the latrer in polar form. Excepr for algebraic signs, sinh
(1.08 -+ 7240.5%) = sinh (1.08) + j60.57). With indices coinciding, set hair-
line on 60.5 of T. Pull 1.08 of Th under hairline and move indicator to right
index of C. Bring indices together. Read 05.8° on T under hairline, Set hairline
over 1.08 of Sh. Move slide until 63.8° on.S (reading right to left) is under
hairline, then move indicator to 60.3° on 8. Read p = 1.565 on D. Since the
ongmal angle of 240.5% was in the third quadrant, the angle found must be
corrected by adding 1807. Then sinh {1.08 + j240.5%) == 1.565 /245.8°.

Mulnplymg the two factors gives
1.308 / — 10.65°  1.565 /245.8° = 2.05 /235.2°

In order to add this to the ﬁrsr term in the fopmula, the polar form should
be replaced by the component form.

Compute 235.2° — 180° = 55.2°, and then 2.05 cos 55.2 = 1.17 and
2.05 sin 55.2° = 1.68. Both results must be given a negative sign since
235.2° is in the third quadrant Thus

/1, = -—0809—]113+(—117—]168)
.=-—1979—-/281

This may be converted to polar form, noting that the angle i is in the third
quadrant. Thus

L/L =343 /180° + 548
= 343 /2348,

approximately, and the absolute value is 3.43. Finally, compute log, 3.43
by setting 3.43 on scale  Nj and reading on DF the value 1.233, the
“insertion loss’ in nepers,

Although not a part. of this problem, tanh (1.08 + 7 240.5°) is easily
obtalnable from the above results and will be found to illustrate the
method. Thus

sinh (1.08 + 7 240.5%)  1.565 /245.8°
cosh (LOB + 7 2405%) ~ 1.303 /231.5°

= 1.122 /11.3°

It will prove to be interesting, and good practice in computation with
the hyperbolic scales, to carry through the calculations for / = 100 miles
and / = 200 miles, and to compare the results with those for / = 150 miles
given above. Below are some results typical of those obtainable quickly
without careful attention to accuracy.

If / = 100 mi., then ¥/ = 0.72 + ; 28 = 0.72 } j 160°
cosh (0.72 + 7 160°) = — 1.193 + 7 0.268, and
sinh (0.72 4 7 160°) = 0.855 /180° — 30.5° = 0.855 /149.5°
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The coefficient 1.308 / — 10.65° is unchanged, and

1.308 / — 10.6° % 0.855 /149.5° = 1.118 /138.9°,
and this is equal to — 0.843 + 70.734. Hence

I/ = 1193 4+ 70268 + ( — 0.843 + 70.734)

= — 2,036 + 7 1.002 = 2.27 /180° — 26.2°_

Then log, 2.27 = 0.818 nepers loss.

If 7 = 200 miles, v/ = 1.44 + 7 320° = 1.44 — j 40°;

cosh (1.44 — 7 40°) = 1.71 - j 1.28;

sinh (1.44 — 740°) = 209/ — 43.2°,
Then 1.308 / — 10.6° X 2.09/ — 43.2° = 2735/ — 53.8° = 1.61 — ;2.21.
HenceI,/I, = 3.32 — 7349 = 482/ —46.4° and log, 4.82 = 1.57 nepers
loss.

2. Determine the voltage V,, = -——v’—-———,

cosh $v/zy
circuit line in which the sending end voltage V, = 4 volts, the length of
the line § = 50 miles, and /2y = o + j8, where @ = 0.0048 nepet/mile
and 8 = (L0276 radian/mile. Thus

at the end of an open

1/0°
cosh {0.24 + ; 1.38)

Vrn =

First change 1.38 radians to degrees. Thus set 7 on CF opposite 180 on DF,
move hairline to 1.38 on CF, and read 79° on DF under the hairline. To find
cosh (0.24 -+ 779°), first set indices together, and then set hairline over 0.24
on Th. Move slide to bring right index under hairline, then move indicator over
79° on T. Bring indices together and note tan # = 121 + on D, read 6§ =
50.5° on T,

With C and D indices together, set hairline on 0.24 of Sh. Move slide
until 50.5° on S is under hairline, then set hairline on 79° of 5. Read
p = 0308 on D. Then

4 /0°

- e = 13/ — 505 _—
Vea 0.308 /50.5° 13 / — 90.9" volts, approximately
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PART 8. INVERSE HYPERBOLIC FUNCTIONS OF
COMPLEX ARGUMENTS

If p and § are known, and z = x + jy is to be determined so that sinh z
= p/¥, aninverse problem is involved. Similar problems arise involving
cosh z and tanh z.

Finding z for sinb z = p/#.

To find z = x + jy when sinh z = p /8, or z = arcsinh p /8, first
write sinh z = p cos 8 + jp sin 6 = » + f# where # = p cos # and
¢ = p.sin @ are known numbers. Since

sinh (x + fy) = sinh x cos y + 7 cosh x sin y, equating the real and the
imaginary components in the two expressions for sinh :, one has the
equations
(20) sinh x cos y =
cosh x sin y = o,
from which x and y are to be found. Now by use of equation (6),
#? = {1 + sinh? x) sin? y, and from (20),sinh? x = #%/cos? y.
On eliminating x and replacing cos® y by 1 — sin® y, the equation

sinty — (&2 + 2 + 1}sin?y + 2 =0
is obtained. This is a quadraric in sin® y, and hence
sin? y = {(:ﬂ F P+ 1) 2N (W 4 o 1) — 4;!2}/2,

in which the positive sign must be discarded. Theny/2sin y = \/p —vq,
where p = «* +¢* + 1 and ¢ = p* — 4+*. In algebra it is shown that
an irrational expression of this form can be written in the simpler form
VUL £V provided p? — g is a perfect square. Since in this case
Pt — ¢ = 4¢% the condition is fulfilled. Thus Th and V; are to be found

such that e . .
VP Vg =VU £V

Squaring, and equating first the rational and then irrational parts, on
solving the two equations thus obtained one has

U= {#2 + (¢ + 1)2}/2;

Vi= {u2 + (v — 1)} /2.

Hence it follows that

g =

v,
11T (a) sin y = 5 where

U, =\/u2 + v+ D2and ¥V, =V + (v — 1)%
from which y can be found in terms of « and ». The negative sign is

chosen because otherwise the value of sin y would exceed 1. From
equations (20)
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III (b) sinh x = x/cos y,
from, which x may be found,

It is convenient to regard U, a5 the resultant of a vecror  whose compo-
nents are » and v + 1; and’vimilarly, to regard V; 28 the resultant of a
vector whose components are » and v—.L :

Then for convenience wrmng

U/G *"u—{-](ﬂ-{-l}andV /&.—u-}-;(v—l)
one may compute U, and V.. by the methods described on page 83 .

In order that the meaning of the process may be clarified the example .

which fo]lows is the inverse of one solved earher

t

ExAMPLE

Find z = x + jy so that sinh z = 0.201 /21.36°
Flrst find & = 0.201 cos 21.36 = 0.187, and

T = 0200 5in 2036 = 00734, o
Then U, /s = 0.187 + 7 1.074 = 1.09 /81°+ or U, = 1.09;

Vi /8 = 0.187 + ;09266 = 0.945 /786° - or V., = 0.945.

1.09 0.945

Therefore sin y = 3 = 0725, and hence y = 4.15° wh:ch is

found by. setting ..0725 on D and scadmg ¥ on ST. To ﬁnd x, find sanhx
= 0.187/cos4.15° = 0.187/0.997 = 0.188 or approximately (.19. Hence

x = 0.19and y = 4.2 are the approximate values of xandy . Compare

with Example (d), page 73, . "

Finding z for cosh z = p/§.

To find z = x + jy = arccosh p/ﬂ where p and ¢ are known st

find u = pcosﬂandv-"psmﬁ Sirce
cosh z = cosh x Cos y + 7 sinh x sin’ »
the equations’ :
B tosh x cosy = »

s g smhxsmy
are to be solved for x and y. In this csse it turns out to be more conven-
ient to solve for cos y by the méthod described for sin y above, The
results are as follows

T . S
lV(a) cosy-—T where . 0 0o

\/u-{-l)’—i—ﬂ’andV \/(u—1)2+1}2
(b) sinh x = »/sin y

Thus cosh z may be treated by methods essentially similar to those for
sinh z outlined above.

EXAMPLE:

If cosh z = 1.06 /26.4°, find z = x + jy
Flrst compute ¥ = —"1.06 cos 26.4° = 0949 and '
e v = 1.06 sin 26.4° = 0.472. Then -+ - :

U. =+/1.9497 + 04722 or 2.01
V. =1/0.051? 4 0.472% or 0.475
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Using formula IV (a) -
2 01 0 475
cosy=——"g
Using formula IV (b}
sinh x = 0.472/sin 40°~0735 ‘
Wich the indicator on this value oa C, turn the rule over, bting indices
together, and read x = (.68 on Sh. Hence z = 1. 68 + ; 40°. Compare
with Example (b), page 77.

= 0.767 and Hence y = 40°,

Finding z for tanh z = p/9. 7

If p and @ are known and z = x + jy = arc tanh p /@ is to be found,
first ind » = p cos 8 and v = p sin 8. Then tanh (x + fy) =« + jv.
It can readlly be shown by use of the relation:
tanh z, + tanh Zp
1 + tanh 2, tanh z,

(21) tanh (zi + ) =

that tank (x — j¥) = & — ju, and hence .
; < x 4 jy = arctanh {a - jo}.
) " x + jy = arctanh (w — f2).
Adding, - ) ; A ‘ ;
‘ 2x = arctanh (z + jv) +arctanh (2 =) 0 o
and by using equation (21)

PR ey
B R DIy
B 2y _ 2
V(a) tanh?x—]+ag+v 1+p2

i

Subrrac;mg the equauons 22), . : g
. 2 jy = arctanh (w + jv) — arcta.nh (# + jv) and heme o

Ut = (e =) v
ranh2]y 1_(1‘_‘(]”)(“_,) TG+ .

Fma!ly, canh 2]y jran'2y, and Consequently :

: _ 20
vip) - 'rw?y—r:;

Therefore x and y may be found from formulas V(a) and V(b) respecc:vely

Expressed explicitly, they are
x = Y arctanh 26/(1 + p%); y = L4 arctan 20/{1 — p?).

The values of z for coth z = p/8 sech z = p /6, and csch z = p /4
may be found, if desired, by using the reaprotal relationships; chat is,
by finding z for tanh z = (1/ p)/ — 8 cosh z=(1/p)/ — 6, and
sinhz = (1/p) / — 8.
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ILLUSTRATIVE APPLIED PROBLEM

Suppose the propagation constant ¥ = « + 73 of a line 15 to be tound
by the formula
Z,)
where Z,, = 3520 / —86.3° ohms, and Z,, = 1430 ‘72.7° ohms, and
/ = 30 miles. Then

tanh v/ =

vk 30 = \/:Tgo”?fz:f'o:
= 1508/ < 795" = 0

To calculate chis, set 143 of C opposite 352 on D and read 1.568 on the
upper +/ scale at the Cindex. Then calcolate (—86.3 — 72.7) /2 = — 79.5.
Move the left C index ro 1.568 on D, move indicator to 79.5 on S (read
right to left), and find u =— 0.286. Move right C- index to 1.568 on D,
indicatorto 79.5° on §, and read 1.54, on D. Thus, since #is in the fourth

quadrant, = -1.54 and tanh 30y = 0286 — 71.542= « + jv
2(0286) 0572 _ 0572
Now by (Va), tanh 2x = TF 1568 T+ 246 346 0.1653

Sec hairline on (.16530n C,read 2x = 0.1668 on Th, from which x = 0.0834,
From formula (Vh)

2(—-154) —308

=246 ~ — 146 211

tan 2y =

Set 2.11 on C and read 64.6° on lower T. Thus 2y = 64.6°

or 64.6 + 180° = 244.6° then y ="32.3° or 122.3°. Suppose that other

known conditions about the line suffice to determine that y = 1223° is
the propee value. Then 30y = 0.0834 + j122.3°, or, since 122.3° = 2,135
radians, 30y = 0.0834 + ; 2.135, whence v = 0.00278 + ;F0.0712. To

change this to polar form, ser right C index on 712 of D, move hairline

to 279 of D, and note that 0.0712/0.00278 = 25 approximately. Hence

read ¢ = 224° on ST, and find 8 = 90 — ¢ = 87.76°. The value of
this p is nearly 0.0712, or about 0.0713. Hence

v = 0.0713 /87.76"
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PART 9. CIRCULAR FUNCTIONS OF
COMPLEX ARGUMENTS

By means of the formulas on page7Qthe following relations may be
proved:
sin {x + fy) = sin x cosh y + j cos x sinh y,
cos (x + 7¥) = cos x cosh ¥ — j sin x sinh y.
The analogies berween these results and these for sin (x + y) and
cos (x + y} in trigonometty should be carefully noted. Observe also that
here the x is associated with a dravdar funcrion and the y is associated with

a hyperbolic funcrion.

These formulas express the sine and cosine of a complex argument as a

complex number in terms of its components.
If sin {x + jy) is to be expressed as a complex number in polar form,
reasoning similar to that on page 71 leads to the analogous results:

VI (a) tan # = i

__sin x cosh y
(b) P= " cos 6

Moreover, p =+/sin 2x + sinh %, and this formula may be used as a
check or as the basis of an alternative method of computing p from the
expression p /8, = sin x + 7 sinh y.

Similarly, if cos (x+ 7y) is to be expressed as a complex number in
polar form, first ind p and # for the conjugate variable x — ¥ in
cos (x — fy) by the following formulas:

Vil (a) tan f = tan x tanh y,
_sinxsinhy
®) P= siné

Then cos (x + jy) = p /-0

Finally, tan (x + jy) may be readily found by finding the sine and
cosine in polar form and taking the quotient.

The close analogy between these formulas for circulat funcrions and the
cotresponding ones for hyparbolic functions enables the compurer to use
similar methods of calculation. In the case of kyperbalic functions, the
x of x + jy is associated with a hyperbolic function. Symbolically, x is
preceded by an h, as in sinh x. In the case of the cireular functions, th_e
y of x + jy is associated with a hyperbolic function, or symbolically, is
preceded by an h, as in sinh y. An adjustment of algebraic sign is called

for in the case of the cosine.
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EXAMPLES:

(a) Find sin {30° 4 7 0.48). With C and D indices together, set indicator
on 0.48 of Th. Move slide until 30° on T is under hairline. Note tanh
0.48/tan 30 = (1.774, approximately. Move indicator to C-index, and then
bring indices together, reading § = 37. 7° on T. Or, move mdncator to
0.774 on C and resd" @ on T, ~

Set ihdicator on 0.48 of $h; move slide untll (Q.48-0n°Th is under hairline;
move indicator to sin 30° on §; move slide until # = 37.7° oa § (reading right
to left) is under indicator. Read g = 0.707 on D at right C.index, Then
sin (30° 4 7 0.48) = 0.707 /37.7°.

{b) Find cos (30° + ; 0.48). With C and D indices together, set mdlcator
on {1.48 of Th; move right index of slide under hairline, then move haitline
to 30° on T. Brmg indices together, and read 8 = 14. 45° onT. ;

Set indicator on 0.48 of Sh; move slide until 14.45° on § is under haitline;
move indicator to 30° on §; read p = 1 on D. Then cos (30° + 048)
=1 /—1445°

(¢} Find tan (30° + 7 0.48). From examples (a) and (b) above:

sin (30° +7048) _ 0.707 /31.7°
T Cos (30° +7048)  1/-14.45

= 0.707 /562.15°

tan (30° -+ 7 0.48)

Ifz=x+]ylscobefoundsothatsmz—u+]v0rcosz—u+jv

methods similar to those outlinedon page 83yield the following formulas

from which x and y may be found.

2 Uc - Vc
VI (a) sin x = —5 ", where
=4/(u + 1)? + +2and Vc=\/(u — 1) 4 o
(b) © sinh y = v/cos x
U, — V.
X (a) cos x = 7 where U, and V. are defined as above.
(b) B sinh y = v/sin x
- 2
X (a) tan 2;=1 —
20
(b) tanh 2y = Ry
ExAMPLES: -

() Find z = x + jy if sin z = 0.707 /37.7°
' Here » = 0.558; v‘-0431

sinx = {V/1. 558 + 0431 — \/0.4427 + 04317} /2

= (L617 — 0.617)/2 = 0.500
Then x = 30°, and sinh y = 0.431/cos 30°, y = €.48
Thus x + fy = 30° 4+ 7 (.48
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e g+ ke

(b) Findz = x 4+ jyifcos (x + jy) = 1 /—14.45°
Here & = 0.867, v = — 0.2495

cos x ="{4/(1.967) + ( — 0.2495) —A\/0.033% + ( — 0.2495)?} /2
(1.984 — 0.251) /2 = 0.866 = cos 30°

—(—02
3 sinhy=—(s—ing—oj‘952=0:499

Then ¥ = 30°, ¥ = 0.480, and z = 30° + 7 0.48

{c) Find x + jy if tan (x + jy) = 0.707 /52.15°

First find # = 0.707 cos 52.15° = 0.433, and
v = (L,707 sin 52.15° = 0.557.
Then tan (x + jy) = 0.433 + 7 0.557, and p* = 0.5

_2(0433) .,
an 2x = T-05 = 1732
Hence 2x = 60° and x = 30°. Continuing,
_2{0.557) _ ; s .
tanh 2y = T105 ~ 0.743, which yields 2y = 0.96 on Th,

znd hence y = 0.48. Finally, x + jy = 30° + j 0.48 or
0.524 + 7 0.48, if 30° is changed rto radians.
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PART 10— One-Step solution of "Two sides and
included angle triangle’’ problem through
use of Double T Scale

The “swn sides and the included angle rriangle” problem can be solved by
a single setting of the Model 2 rule. Using the following diagram, note that

B

I
|
!
3
'h
!
!
i

h=csinA=mtanA=nwtnC=asinC,m-+n= b, and b is greater
than c¢. Leaving out h, this formula can be written in the form-

sinA_wnA_wnC sinC_ h

1 1 1 1 1

C m n a

SOLUTION: Put A on S over ¢ on DI; move hairline over A4 on T and
read m on DI; subtract # from & giving #; over # on Dl read € on T, under
Con Sread @ on DI; over 1 on D read # on C.

It will frequently be necessary to interchange end numbers of the T scale
since it is a double length scale. Since such an operation is not considered
an operation on the rule, only a single setting has been made.

EXAMPLE;
Given ¢=428, b=537, A=32.6". Find C and a.

1 1 R

Lin_32.6°_ taiﬂﬁ_ tan C_ sin C_ h

ES_ m n a

1. Put 32.6 on § over 428 on DI.
2, Uader 32.6 on T read m (=361) on DI. Then n=537— 361=176.
3. Interchange end numbers of the T scale.

4. Over 176 on DI read C (=52.7°) on T. Depend on a diagram to know
which part of the T scale to select.

5. Again interchange end numbers of the T scale.
6. Under 52.7 on § read & (=290) on DI.
7. If & is desired, read £ (= 231) on C over index of D.
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MODEL 600 LOG LOG 6-INCH POCKET

Designed and engineered with all modern improve-
ments for extreme accuracy, fast operation, easy slider
action and permanent dimensional stability.

1 - Reciprocal Log Log scales in modern SYNCHRO-
SCALE Design for faster more accurate readings.

2 - C and D scales on both sides to avoid turning
rule over.

3 - Inverse scales on both sides for faster figuring.

4 + All scales decimally divided and refer to C and
D scales. '

Top Grain Saddle-
Leather Case fits
shirt or vest pocket
like a pen or pencil.
Patented Pocket-
Clip prevents case
falling out. Rule is

: rotected, yet in-
1949 STANDARD S5YNCHRO-SCALE® Design : Etantly avaﬂzble

Size 6" x 1-3/32" 1 3/32". Weighs 1 ounce.
Boxed in Transparent Envelope in Sad-
dle-Leather Clip-Case complete with
Instruction Manual.
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HOW TO ADJUST YOUR SLIDE RULE

A perfect slide rule, when out of ad-
justment, often appears defective,
Each rule is accurately adjusted be-
fore it leaves the factory. However,
handling during shipment, dropping
the rule, or even a series of slight jars
while laying the rule down during use,
may loosen the adjusting screws and
throw the rule out of alignment. Fol-
low these simple directions for slide
rule adjustment.

CUSTOM-HAIRLINE ADJUSTMENT « L.00sen
the bottom two screws on both Cursor
windows on spacer opposite tension
spring. Press with left thumb to main-
tain constant contact with edge of
rule; align hairline with left hand in-
dices and tighten screws on that side.
Turn rule over and check alignment
of hairline on other Cursor window, If
necessary, loosen all screws on this
side and align with left hand indices as
needed, and tighten screws carefully.

SLIDER TENSION ADJUSTMENT - Loosen
adjustment screws on_ end brackets;
regulate tension of slider, tighten the

screws using care not to risalign the
scales. The adjustment needed may be
a fraction of a thousandth of an inch,
and several tries may be necessary to
get perfect slider action.

SCALE LINE-UP ADJUSTMENTS » (1) Move
slider until indices of C and D scales
coninecide. {2} Move cursor to one end.
(3) Place rule on flat surface with face
uppermost. (4) Loosen end plate ad-
justing screw slightly. (5) Adjust
upper portion of rule until gradua-
ticns on DF scale coincide with corre-
sponding graduations on CF scale.
(6) Tighten screws in end plates.

REPLACEABLE ADJUSTING SCREWS «+ All
Pickett All-Metal rules are equipped
with Teleseopic Adjusting Screws. In
adjusting vour rule, if you should
strip the threads on one of the Adjust-
ing Screws, simply “push out” the fe-
male portion of the screw and replace
with a new screw obtainable from
-your dealer, or from the factory. We
do not recommend replacing only the
male or female portion of the screw.

HOW TO KEEP YOUR SLIDE RULE IN CONDITION

Always hold your rule between thumb
and forefinger at the ENDS of the
rule, This will insure free, smooth
movement of the slider., Holding rule
at center tends to bind the slider,

LUBRICATION « Your slide rule is treated
with a light lubricant at the factory.
This oil, which works into the surface
of the metal, is designed to lubricate
yvour rule indefinitely.

If your rule should run dry, or if
the slider begins to move hard or with
a dry rasping sound;

1. Lubricate with a light lubricant.
Work in well by moving slider
back and forth, then wipe off.

2. Any pure light oil is a satisfactory
lubricant.

MAINTENANCE + The body of your rule
is made of a corrosion resistant alloy.
The edges may gradually darken (or
oxidize) with age.

This normal ageing of the rule affects
neither the aecuracy of the scales nor
ease o} operation.

Extreme atmospheric exposure
tends to warp and distort wood, and to
rust steel, which is common knowl-
edge. This is not true of the alloy used

in your slide rule, but, such exposure
may tend to deposit an oxidation film
on the surface, causing the slider to
move hard.

If this happens to your rule, take
out the Telescopic Adjusting Screws
and remove both Top Rule Member
and Slider without disassembling the
Cursor. Clean the oxidized edges of
the rule with a silver polish, Bon Ami,
rubber ink eraser or other cleaning
agent. Slide Top Rule Member and
Slider back into position. Relubricate.
Then make Scale Line-Up and Slider-
Tension Adjustments.

WHY YOUR RULE OPERATES BETTER WITH
CONSTANT USE + Being made of metal,
the moving parts of your slide rule
“lap in’" with use, This process of
wearing smooth means your slide rule
will operate with increasing smooth-
ness year after year.

CLEANING « Wash surface of the rule
with non-abrasive soap and water
when cleaning the scales. If Cursor
window hecomes dulled from long
use, simply polish and bri%hten the
window surfaces with a small rag and
tooth powder.

PICKETT & ECKEL INC - 5 South Wabask . CHICAGO 3 ILLINOIS



